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+ H E prolixity of Euclid's demonſtra- 

tions has given riſe / to ſeveral mo- 
dern ſyſtems; of Geometry, ſome of which 
poſſeſs a conſiderable degree of merit. 
None of theſe, however, exhibit that con- 
__ciſeneſs and perſpicuity, which the author 
conceiyed it poſſible to unite in a work of 
this nature, and which he has attempted in 
the following pages. His endeavours, he 
flatters himſelf, have not been unſucceſsful. 


15 Tux ſubſtance of Euclid's Elements is 


bere compriſed in narrower bounds than 


in any book he has met with; many un- 
neceſſary propoſitions are excluded, and 
ſome of the principal obſtacles removed. 
The demonſtrations reſpecting Proportion . 
and Solide, in particular, are, perhaps, as 
ſhort and ſimple as any that can be deviſed ; 
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at the ſame time that they are founded on 
axioms, which, he preſumes, muſt ſatisfy 
the molt ſcrupulous *. - 
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Hz has not the vanity, ever to 
think his work entirely faultleſs. In many 


reſpects, he is ſenſible, it is ſhort of per- 
fection. But, though objections may be 

made, and errors detected, he truſts the 
ſeverity of criticiſm will not be employed 


againſt a performance, which was attend- 
ed with peculiar difficulty, and of which the 
manifeſt deſign i is, the aſſiſtance of youth,” 
and the cultivation of uſeful ee 8 ID 
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* 5. Line 25. No. 12. ſhould be 11. 
23. 8. AM ſhould be BM. 
70. 10. Cancel oppoſite... 
From page 74th to page 84th incluſive, each 
number referring to the plates ſhould be 1 leſs. 
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none 


+, more ; l Gon of \ddition. 5 & arb de- 


notes the ſum of the in, nn 
dy a and 5. | 


, leſs ; the fign of ſubtraction. Thus de- 
228 notes the difference of à and 5, the leſs 
a © quantity being placed after the fign.) 111 


ws difference. Thus a dab denotes the difference 
of a and 3, whichever is the greater. 


i er to; the fign of equality. Thus a=b 
_ denotes that @ is equal to v. 


2, greater than ; the ſign of exceſs. Thus 1 b 
diegnotes that a is greater than 5. 
7, leſs than; the ſign of defect. Thus a.7b de- 
notes that a is leſs than b, 
A number prefixed to any quantity, ſhews 
how often that quantity is repeated, or 


what part of it is taken. Thus, 2a, 4a, de- 
note reſpeCtively, twice a, half a. 


The contractions def. poſt. ax. conf. hyp. 
rect. ſq. denote reſpectively, definition, po- 


ſtulate, axiom, conſtruction, e 
rectangle, and ſquare. 


In the references (except in Sect. 1. the right 
hand number points out the Section; the 
next to that, the Propoſition. | 


The numbers in parentheſes refer to figures 
in, the 28 
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SECTION L 


Of TRIANGLES, ; 


DEFINITIONS. 
EoMETRY is that ſcience which teurhes 
the properties of magnitude, abſtract- 


ly conſidered, under one or more of its di- 
menſions, length, breadth, and thickneſs, 


2. A line has length only, as A (The ex · 
tremities or bounds of a line are points, 


3. A ſurface has length and breadth / 'only, as B 
(2).— The bounds of a ſurface are lines. 


4- A ſelid has length, breadth, and thickneſs,” 
as C (3).—The bounds of a ſolid are furfacet. 
A . 
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5. A Araigbr line lies evenly between its extre- 


mities, or has every-where the ſame direc- 
tion, as A (1). 


6. An angle is the opening or mutual inclina- 


tion of two ſtraight lines which meet to- 
gether, as D (4)- _ 


"M. 


7. A right angle is. the angle bes by one 


ſtraight line meeting another ſo as to make 
the angles on both fides equal, as ABC (5). 
Either of the lines which form a right angle, 
is ſaid to be perpendicular to the other. — N. B. 


When there is only one angle at a point, it 


may be expreſſed by a fingle letter at that 
point : but, when there are more angles, any 
one of them is expreſſed by three letters 
the middle letter ſhewing the angular point, 


or point of meeting; the other two, the lines 


which form the angle, ſometimes called its 
legs. 5 


8. An obtuſe 10 | Is greater chan a right angle, 


as A (6). 


9. An acute angle 3 is leſs than a right angle, as 


D (a). 


10. A plane ſurface lies evenly 8 its extre- 


mities, or is ſuch, that any two points what- 
ever being taken therein, the ſtraight line 
between them lies wholly in the ſurface, as 
B (2). N 


Il. A triangle is a plane ſurface, bounded by three 


ſtraight lines, as B (7). 


4 


jr. GEOMETRY: Yy 
12. An equilateral triangle has all its ſides 1 


as B (7). 


— 


1 3: An ifeſceles triangle has two ſides n as B 


or C (7 or 8). 


14. A /calene triangle has all i its ades unequal, as 
* | D (9). | 


Is. An equiangular triangle has all i its angles equal, 
as. B (7). 


16. A rieht-angled triangle has one right angle, 


- as A (10),—The fide oppoſite the right angle 


is called the hypothenu/e: 


17. An obtuſe-angled trian gle has one . an- 


gle, as D 9). 


18. An e triangle "ip al its s angles a- 


cute, as C (8). 


19. Parallel ſtraight lines are ſuch as are in the 
ſame plane, and which, tho' produced infinitely 
both ways, would never meet, as BC, DE (11). 


POSTULATES. 


„ Ther my given ſtraight live may be pro- 
. duced either way, at pleaſure. 


2. That, in the greater of two given ſtraight lines, 
a part may be taken equal to the leſs. 


3. That, from one given point to another, a 
ſtraight line may be drawn, 
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4. That any given angle may be biſeCted 1 a 
ſtraight line. 


F. That, from any point ina COL 3 line, 
another ſtraight line may be drawn, making 
therewith an angle equal to any given angle. 


6. That, from any given point, a ſtraight line 
may be drawn perpendicular to any given 
ſtraight line. | 


4 That a ſtraight line may be drawn parallel to 
any given ſtraight line, through any ot in 
the ſame plane . 


VN. B. Theſe Poſlulates are referred to only in Section 1. 
The operations mentioned in them are effected in Section 8. 
without the aſſiſtance of thoſe Theorems in which they are re- 
quired; — Note alſo, that (unleſs the contrary be mentioned) alt 


lines in any Propoſition are ſuppoſed to be icht. and to be 
drawn in the — _ 


= a1 Q M $, 
1. EVaar whole is equal to the ſum of all ita 
parts, and greater than any one of them. 


2. Things which are equal to one and the ſame 


thing, or to equal things, are equal to one 
another. 


3. If equal things be equally increaſed, dimi- 
niſhed, multiplied, or divided, the reſults will 
be equal 


N 
. 
: 
N 
I 
: 
, 
* 
8 
* Y 
0 


4. 


1 


4 t. 8 E O M E T NI. 3 


If unequal things be equally increaſed, dimi- 
niſhed, multiplied, or divided, the reſults 
will be greater or leſs than one another, ac- 
cording as the unequals from which they are 
derived are greater or leſs than one another. 


In any expreſſion, ,. inſtead of any quantity, 


its equal may be ſubſtirured. If A=B+C 
and DC, then A=B+D.. 


In an expreſſion of continued equality or ine- 
quality, the firſt quantity is equal to, greater, 
or leſs than, the laſt, according to the ſign. 


Elf ASB C, then A=C; if AZBELC, 
then AKC; and, if AZTBZC, then, alſa, 


AZC. N. B. This concluſion is always 
to be underſtood when ſuch expreſſions oc- 
cur in the following demonſtrations, though 


it be not formally mentioned. 


11. 


Two different ſtraight lines cannot be drawn 


from one point to another. 


Magnitudes which, being applied to one ans 
other, coincide exactly, are equal. 


All right angles are equal. 


Perpendiculars (MP, NQ) let fall upon either 
of two parallels (DE) from the other (BC) 
are equal (12). For, if unequal, *tis ma- 
nifeſt the parallels would meet, if infinitely 
produced towards the leſs en 
which is abſurd. 


That ſuppoſition is falſe, which tends to prove: 
an Rey; | 90 
a 3 f 


s ELEMENTS os 


* 


THEOREM 1. 


[F two ſides (AB, AC) and the included 
angle (A) of one triangle (ABC) be 
reſpectively equal to two fides (DE, DF) 
and the included angle (D) of another tri- 


angle (DEF), the two triangles are equal in 
every reſpect: that is, the fides oppoſite 
equal angles are equal, as alſo the angles 
oppoſite equal fides ; and the area of, or 
ſpace occupied by, the one triangle, is 
equal to the area of, or ſpace occupied 
by, the other. —(12, 13.) 


Conceive triangle ABC applied to DEF, 


with the point A upon D, and the fide AB upon 
DE. —Becauſe AB=DE, the point B will fall 
upon E; becauſe angle A=D, the fide AC will 
fall upon DF; becauſe AC=DF, the point C 
will fall upon F; and, becauſe the points B, C, 
fall upon E, E, the fide BC will fall upon EF *.— 
Therefore, triangle ABC=DEF, in every re- 
ſpect d. 


a A. 7. b Ax. 8. 
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THEOREM U. 


4 JT” from any point (A) between the ex- 
tremities of a line (BC) any number 
of lines (AD, AE) be drawn on the fame 
= fide of that line; the angles (BAD, DAE, 

EAC) thereby ford, are, together, equal 
to two right angles.—And if, from the 
point (A) in which two lines (BA, AC) 
"= meet, any number of lines (AD, AE) be 
| drawn on the ſame fide of thoſe lines, there- 
by forming angles (BAD, DAE, EAC) 
which, together, are equal to two. right 
angles; the two firſt-mentioned lines (BA, 
AC) make one continued line (BC) 8 


PART I. LE T AM be depend to BC*.— | 
Then, BAD+DAE+EAC= the whole e 
ſpace at Ab BAM MAC a right angles. 


PaR r II. If you ſay that any line, NA, and 
not BA, makes with AC one continued line — 
Then, NAD+DAE+EAC=2 right angles 4= 

BAD+DAE+EAC*® ; which is impoffible b. 
Therefore, BA, AC, form © one continued ie, 
BC f. 


2 Poſt, 6. b Ax. 1. © Conf. d Part I, © Hyp. 1 Ax, 11, 
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Cor. 1. ALL the angles proceeding from a 
point (O) taken all around it, are, together, e- 
qual to four right angles (15) : for, any continued 
line, MN, paſſing through O, makes the angles 
on each ſide equal to two right angles. 


Con. 2. If, of two angles (BAD, DA) formed 
as in the Theorem (14), one angle be right, the 
other muſt be right; if one be obtuſe, the other 
muſt be acute; and if one be acute, the other 
muſt be obtuſe; becauſe both, together, are equal 1 
to two right angles. 3 
| | Cor. 3. Any two ſuch angles (BAD, DAC) 
are, together, equal to any other two ſuch angles, 
together; each pair being equal to two right 
mu gles. | 7 ; 
Con. 4: Tf an angle of one pair of ſuch angles | 
be equal to ay angle of another pair of ſuch angles, 
the remaining angles are equal; the two Pairs 
being equal. Hence, 


Cor. 5. The oppoſite angles (AOC, DOB) 
formed by the interſection of two lines (AB, 
CD) are equal (16) : for, the two pairs of 
angles, AOC BOC, and DOB BOC, have BOC 


common. 


| Cor. 6. If two ines (CO, Do) meeting at a 
point (O) in a line (AB) make two oppoſite an- 
gles (AOC, DOB) equal, theſe two lines (CO, 

. DO) make one continued line (CD): for, ſince 
DOB AOC, DOB+COB= AOC+COB=2 
right angles. 
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THEOREM III. 


F one line (AB) meeting two other lines 
(CD, EF) make the alternate angles 
(CGH, -FHG) equal, theſe two lines are 
parallel.—(17).— And, if two lines (CD, 
EF) be parallel, the alternate angles (CGH, 
FHG) are m 


Pax r I, Is you ſay, that CD, EF, will meet 
towards F, as at I, forming a triangle IHG; in 
GC (produced if neceſſary) take GK Hl, and 
join HK d. — Then, in triangles KHG, IGH (be- 
cauſe GK, GH, and angle CGH, are reſpective- 
ly equal to HI, HG, and angle FH G) angle 
EKHG DGHA: whence (by adding the equal 
= angles FH G, CGH) angle KHG+FHG= DGH 
X +CGH *=2 right 'anglesf. Therefore, KHI, as 


well as KGI, form one continued line f; which 


is impoffible 5. Therefore, CD, EF, cannot meet 


XZ towards Fh. In the ſame manner, it might be 


thewn that they cannot meet towards C. There- 


fore, CD, EF, are parallel i. 


Parr II. If you ſay, that angles CGH, FHG, 
are unequal, let CGH be the greater; draw GM, 
making angle MGH=FHG! ; from G, let fall 


2 Poſt. 2. b Poſt. 3. © Conf. and Hyp. d 7, 2 Ax. 3. 
tz, 8 Ax. 7. h Ax. 11. 1 Def. 19. 1 Poſt. 3. 
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GP perpendicul ir to EF; and, from any other 
point, N, in GO, let fall NO, perpendicular alſo 
to EF, and cutting GM in RK. Then, becauſe 
MGH=—FHG!, GM is parallel to EF, and, con- 
ſequently, RQ = GPA. But CD is alſo parallel to 
EF<; therefore, NQ=GP®. Hence, RQ=NQ®; 
which is impoſſible v.— T acrefore, angle 29 
FHG *, 


as. r. Ir one line (AB) meeting two other 
lines (CD, EF) make the external angle (AGD) 


equal to the oppoſite internal angle (AHF) on 
the ſame ſide ; or make the oppoſite external an- 


gles (AGD, 'BHF) equal; or make the two in- 
ternal angles (DGH, FHG) on the ſame fide, 
together, equal to two right angles; theſe two 
lines (CD, EF) are parallel : for, in any of theſe 
caſes, it will readily appear, from the preceding 
Theorem, that angle CGH=FHG. — 17). 


Co R. 2. If two lines (CD, EF) be parallel, 
the external angle is equal to the oppolite inter- 
nal angle on the ſame fide; the oppoſite external 
angles are equal; and the two internal angles on 


the ſame fide, are, together, equal to two right 


angles: for, angle CGH = FH G; from which 


theſe equalities will readily be derived by Theor. 2. 


CoR. 3. Perpendiculars (GP, NQ) to the ſame 
line (EF) are parallel to one another; becauſe 
angle GPF=NQF.—(18). 


* Poſt. 6. 1 Conf, n Part 1. Ax. 10. © Hyp. 
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1 Con. 4. A line 00 ele  Hihes 
1 ; al two parallel lines (EF) is alſo perpendicular 
to the'other (CD); becauſe angle DNQ= =D 
XZ and CNQ=FQN. 
3 Cox. 5. Lines (A; B) parallel to the ſame 
1 une (C) are parallel to one another; becauſe 
NF angle D=E=F.—(19). 
'H Cox. 6. If the legs (AB, CB) of one angle 
(5) be reſpectively parallel to the legs (DE, FE) 
of another angle (E), theſe two angles are equal: 
for, producing the legs (BC, ED) till they meet 
nin a point, O, we have angle B=BOE=E.. | 


THEOREM IV. 


T. three Aru (CBA, BCA, BAC) 
of any triangle (ABC) are, together, 
equal to two right angles.—(21). 
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Tugouch A, draw DE parallel to BC *.— 
1 Then, CBA= DAB, and BCA EAC b. There- 
1 fore, CBA+BCA+BAC=DAB+EAC+BAC 8 
X =2 right angles 4. 


Cor. 1. Tus external angle (ACF) formed 
by producing any fide of a triangle, is equal to 
both che internal oppoſite angles (ABC, BAC). 


a Pot, 7 d 3. Cc Ax. 3. 4 2. 
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together, and conſequently is greater than either 
of them: for, ACF+ACB=2 right [angles = 
ABC+BAC+ACB ; e Sr N 
BAC. 


- "Cor. 2. Any 0 of a triangle, are, to- 
gether; leſs than two right angles; conſequently, 
there can be only one right or obtuſe angle in a 


triangle: the two leaſt angles of every triangle 
are acute; and, from the ſame point, to the ſame 


line, there can be drawn only. one perpendicular, 


Con. 3. If one angle of a triangle is right, the 
other two are, together, equal to a right angle; 
and, if two angles of a triangle are, together, 


equal to a right angle, the remaining angle is right. 


Co R. 4. Any angle of a triangle is right, obtuſe 
or acute, according as it is equal to, greater, or 


leſs than the ſum of the remaining angles. 


— N 


Con. 5. The tee angles of any triangle, are, 


together, equal to the three angles of any other 


triangle, together: whence, if one angle of one 
triangle be equal to one angle of another triangle, 


the ſum of the remaining angles of the one, is 


equal to the ſum of the remaining angles of the 


other; and, if two angles of one triangle, ſepa- 
rately or together, be equal to two angles of an- 


other triangle, ſeparately or together, the remain- 
ing angles are equal. 


Cox. 6. The ſum of the WE angles of any b- 
fraightdined | figure or ſurface (O) is equal to 


twice as many right angles as the — has ſides, 
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a bating four right angles (22). For, drawing lines 
from the angular points, to any point O) wirnin 
the figure, tis manifeſt, that the ſum of the inte- 
nal angles of che figure is equal to the ſum of the 

angles of all the triangles thereby forme, abating 
the angles at O; or equal to twice as many right 
angles as there are triangles, or as there are ſides 
in the given figure *, abating four right an les b. 
Cox. 7. The ſum of the external angles of 
aay ſtraight-lined figure (O) is equal to four 
right angles, being equal to what the internal an- 
gles of the figure want of twice as may rigut 
Y | angles a the igure has hues © . 


THEOREM V. 
I the three angles (A, B, C) of one 
triangle (ABC) be reſpectively equal 
do the three angles (D, E, F) of another 
triangle (DEF) and two fides (BC, EF) 
2X oppoſite equal angles alſo equal, the two tri- 
angles are equal in every reſpe&.—(23, 24). 


Ir you ſay, that AB, DE, are unequal, let 
DE be the greater ; take GE=AB4, and draw 
FG<. Then, in triangles GEF, ABC, (becauſe 
GE = ABT, EF=BC*, and angle E=B s) angle 


a4 b Cor, I. 2. © 2. d Poſt. 2, © Poſt 3. f Conſ. & Hvp, 
RB | 
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GFE==C*=DFE Þ*; which is impoſfible*. There. 
fore, AB=DE* ; and, conſequently, triangle 
ABC=DEF, in every reſpect “. 

Cos. If two triangles have two angles equal to 
two, and two fides equal whether between or op- 
poſite equal angles, che triangles are equal in every 
reſpect :. 


THEOREM VI. 


T* two ſides (AB, AC) of a triangle 

(ABC) be equal, the angles (B, C) 
oppoſite thoſe ſides, are equal. And, if 
two angles (B, C) of a triangle (ABC) be 
equal, the ſides (AB, AC) oppoſite thoſe 
angles, are equal. —(2 5). | 


| Draw AD, biſecting angle BACE. 
Parr I. In triangles ABD, ACD, (becauſe 


angle BAD=CAD, AB= AC, and AD com- 3 | 


mon f) angle B=C*. 


PR II. In triangles ABD, ACD (becauſe 
AD is common, angle B=C and angle BAD 
CADf) AB=AC. 


Cor. 1. Every equilateral triangle is equi- 
angular, and every equiangular triangle is equi- 
lateral. h 


* 1. d Hyp. Ax. I. d Ax. 11. © Poſt. 4. 
f Conf, and Hyp. E Cor. 5. 4. Þ Cor. 5. 
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1 Con. 2. In an iſoſceles triangle, the angles op- 
= poſite the igual fides are both acute; and, if the 
* remaining angle be right, they are, each, half a a 
1 right angle. 


a 5 
_ 
= 
8 
E '6 - 
* 4 
ä 
5 2 4 
HE 
E. 
8 
2 
TY 
ow [ 
—y 
a by 1 
w_ 
E bs 
= ab a} 
we 
0 ET 5 
_ 
0 d 
1 
＋ 
; 74 
* 4 
"2 a * 
« * * 
* * 
"Rs 
, Z's 2 
3 > 4 
* 
£ = = 
1 
7 
" 
* 
. 4 
2 CS. "% i 
__—u 
I iy 
e 
2 oy 45 
1 
1 
1 
* 2 
{ "$ 1 
% 9 
9 & 4 * 
+ = 
EY. 1 
WT... 5 4 
"= 
5 4 
1 
* - % 
4 * 
' 
1 * 
_ 
n 
_ 
1 
1 "x 
__ 
PE, 19 
iF & #.9 
I * 7 #4 
R 6 
„ 1 
2 * 
E 1 
> 4 
1 
_ 
43 4 
. 7 . 
„ 
4 
58 
- xo 
_— 
"* 
=, 
* Xx 
' »& 
Be - 
4 * 
"ot 


| Cor. 3. In an equilateral or equiangular trian- 


3 gle, each of the angles is one-third of two right 
angles, or two-thirds of one right angle. 


Cor. 4. A ſtraight line biſecting the vertical 


; | angle of an iſoſceles triangle, biſects the baſe, and 
I is perpendicular to it; thus, BD=CD, and angle 


ADB= ADC. 


THEOREM VII. 
1 any triangle (ABC) the greater fide 
ſubtends the greater angle, and the 


greater angle is tubtended by the greater 
ſide.— (26). | 


Pax r I. Is ACZ AB, angle ABCZ ACB. 
—Take AD=AB*, and draw DBD. Angle 


Ac ABDF. But angle ABD=ADB#, There- 


fore, angle ABC ADB*£ ACB. 


Pak r II. If angle ABC ACB, Acæ AB— 


lf you ſay that AC is equal to or leſs than AB, 


then muſt angle ABC beequaltoorleſs than ACB 6, 


which is impoſſible d. Therefore, AC AB i. 
Poſt. 2. b Poſt 3. © Ax. 1. d 6. © Ax. f. f Cor. f. 4. 


8 6. & Part 1. 7. h Hyp. i Ax. II. 
B 2 
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THEOREM VIII. 


4 O F all the lines (OP, OQ, OR, OS) 
that can be drawn from a point (O 
to another line (AB) that is the leaſt (Op 
which is perpendicular to it; and, of the reſt, 
any one (OQ or OR) is leſs than any other 
(08) which is at a greater diſtance from 
the perpendicular—(27). 


1. BxcausR angle OQP zOPQ*, OP OO. 
2. Becauſe angle OSP OPS >OQS*®, O 
08 d. 1 
3. In PS, take PO=PR*, and draw OQ*. 
Then, OQ=ORs. But OQ 70S (by the pre- 
ceding caſe) ; and, conſequently, OR 08 8. 
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Con. Ir a line (OP) drawn from a point (O) 
to another line (AB) be the leaſt that can be 
drawn to it from that point, the two lines arc 
METS to one another. 
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THEOREM IX. 


86 Fe NV two ſides (AB, AC) of a ut 
) 3 (ABC) are, together, _ chan; 
che pes fide (BC) —(2 OT 


= Is CA accent , take AD= AB, b and; join 

DB. — Then, angle ABD=D ©. But, angle 
1 ChD ABD*<. Therefore, angle CBDZ De; 

and, conſequently, CD (or AB+ACJE BCS. 


Tas ſame may alſo be proved from Theor. 8. 
Wy letting fall a PPS from A upon 50. 
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Ton E M X. 
Tt of two triangles (ABC, DBC) hav- 


ing a ſide (BC) common, the one tri- 
angle wholly include the other, the two re- 
maining ſides (AB, AC) of the one, are, 
together, greater than the two remaining 
ſides (DB, DC) of the other; but the 

E angle (A) contained by the former fides, 
is leſs than the angle (BDC) contained by 

| the latter.— (29, Wo} 
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Cas 1. When the point D is in a fide of the 9 


greater triangle (29) — Then, AB T-ADñ ZE DB“; 
and, conſequently, AB+AD+DC (or AB+AC) 
E DB+DCÞ». But angle A7 BDC. 


Css 2. When the point D is within the 
greater triangle (30).—Produce BD till it meet 
ACin Ee. Then, ABLACE EB+EC*£ tt 


DC*. But angle ABEC Z7BDC<. 


THEOREM XI. 
Ir the three ſides (aB, AC, BC) of one 
triangle (ABC) be reſpectively equal 
to the three ſides (DE, DF, EF) of an- 


other triangle (DEF) the two triangles 
are equal in every reſpe&.—(31, 32). 


Ir you ſay, that angles CBA, FED, are unequal, 


let CBA be the greater; make angle CBG= £2 5 
FED f, GB- DEZ ABB, and join GC I. 80 
will GC=DFi=AC®. Now, becauſe ABEAC 


does not exceed GB+GO, triangle ABC cannot 
wholly include triangle GBC*. The point G 
mutt therefore fall without. Join AG. Then 
(becauſe GB= AB and GC=AC) angle BAG= 


B A, and angle CAG=CGA*. But angle BA 
£ CAG®: Therefore alſo, angle BGAE CGA®; 3 


2 9. dans Twi TPr0ty, Tf. 
t Poſt, 5, 5 Poſt. 2, h Hyp. i Poſt. 3. J 1. K 10. 
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| which is impoſſible | d, 
therefore equal a4; and, of coaſequeuce, triangle 


? M | ABC=DLF in every reſpect . 


Angles CBA, FED, are 


Tus ſame may be proved from Theorems 1. 


1 and 6. by making angle FEIH I= ABC, HE=AB, 


and drawing HF, HU: for it will thence appear, 


ho triangle 1 E in every reſpect, 


$ 


THEOREM XI. 


F two fides (AB, AC) of one triangle 
(ABC) be reſpectively equal to two ſides 
(DE, DF) of another triangle (DEF) and 


two angles (B, E) oppoſite equal ſides alſo 


equal, the two triangles are equal in every 
reſpec, provided the angles (ACB, DFE) 
oppoſite the other equal ſides, be either 


1 both acute or both 0 3 30 


35, 36). 


Cask 1. When angles ACB, DFE, are both 
acute 33, 34).-—If you ſay that BC, EF, are 


unequal, let BC be the leis; in BU produced, 
take BG EF,, and join AG 8. FThen AG 


DF *=AC®. Therefore, angle ACG 1 is acute i; 


X which is impoſſible 3, 


4 6. b Ax. 1. c Ax. 5. d Ax. 11. e 1. f Poſt, 2o 
5 Poſt. 3. h Hyp. i Cor. 2. 6. } Cor. 2. 2. 
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Cas 2. When angles ACB, DFE, are both 
obtuſe (35, 36).—if you ſay that BC, EF, are 
unequal, let BC be the greater; take BG=EF*, 
and join AG db. Then AC DF AC. There- 

fore, angle ACG is acute ©; which is impoffible a. 


Therefore, in both caſes, BC EP, 3 and, 
conſequently, triangle. 3 in every re- 
ſpect . 


Cor. R1GHT-ANGLEED triangles (ABC, DEF) 
having equal hypothenutes (AC, Dr) and two 
other tides (AB, DE) equal, are equal in every 
_ reſpect ; becauſe angles B, E, are cqual®, and. an- 
gles C, F, bot 8 38). 


THEOREM XIII. 


I any two triangles (ABC, DEF) hav- 
ing two ſides (AB, AC) of the one 
equal reſpectively to two ſides (DE, DF) 
of the other, the greater of tne included 
angles (A) is ſubtended by the greater of 
the remaining ſides (BC) —and the great- 
er of the remaining ſides (BC) ſubtends 
the greater of the included angles (A).— 


(39, 40, 41, 42, 43). 


E 1. or 11. Þ Ax. 9. 3 Cor. 2. 4. | 


\ 


$1. GEOMETRY. 2 
WM Parr I. Ir angle AE EDF, BCE EF.— 
4 Make angle EDG=A *, DG b=DF '» and 
4 draw EG. 

, 1. If EG fall upon EF (40) OZ EF 


2. If EG fall below EF 41), DGEGE DF 
= EFF: whence (by ſubtracting the equals DG, 

DF) EG<EF®. | 
1 3. If EG fall above EF (43). join FG 4. Then, 
X becauſe DG DF s, angle DFG DGF. But 
angle EFG DFG*. Therefore, angle EFG £ 
DGF£ EGF*; and, e E EEx. 


eauſe DE AB, DG AC, * na EDG 
A EG=BC], Therefore, in every caſe, 
= BCE EF). ; 


Parr II. if BC Ep, angle AZ EDF.—IF you 
ſay that angle A is equal to or leſs than EDF, then 
muſt BC be equal to, or leſs than EF which 
is impoſſible *. Therefore, angle A EDP. 

a Poſt. 5. b Poſt. a, © Hyp. d Poſt, 3. e Ax. 1. f 10. 


Conſ. b Ax. 4. i 6. I Ax. 5. K . In, . and 
Part 1. 13, Ax. 11. 2 
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"SECTION II, 


"of Pan ALLELOGRAMS. : 


DEFINITIONS. 


| 8 


oh 


/ Quadrangle or quadrilateral is a plane 

ſurface bounded by four ſtraight lines, 
as AD (44).— N. B. It is ſometimes pointed 
out by the letters at all the angles, but more 


generally by two letters at oppoſite angles. 


2. A parallelogram | is a quadrangle, of which the | 
oppoſite ſides are parallel, as AD (45). | 


. 8 A recbangle is a parallelogram, of which all 
the angles are right angles, as AD (46). 


4. A ſquare is a parallelogram, of which all the 


_ angles are right angles, and all the ſides equal, 
as AD (47). © >] 


. WE 5. The diagonal of a quadrangle i is a ſtraight line 
© drawn from one of two oppoſite angles to 
the other, as BC (48). 


6. The complements of a parallelogram are two 
parallelograms formed on different fides of 
the diagonal, by two ſtraight lines which are 
_ drawn parallel to the . and interſect each 
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other and the diagonal in the ſame point; as 
AO, DO (46). i 


ſide thereof upon which it is ſuppoſed to 
ſtand; as CD (49). 


| 9. The altitude of a nN or tanie, 
is a ſtraight line drawn perpendicular to the 
baſe from the oppoſite angle; as AM (49). 


V. B. A rectangle is ſaid to be contained under the we 
uges which are the baſe and altitude thereof: thus, rect- 
A aste AD (46) is faid to be contained under AC, CD, and, 
9 1 for Ys may be called 8 "—_ CD. 


THEOREM I. 


F two fides (AB, AC) and the includ- 
ed angle (A) of one parallclogram 
(Ab) be reſpectively equal to two ſides 
(Er, EG) and the included angle (E) of 
another parallelogram (EH), the two pa- 
rallelograms are equal in every reſpeQ. 


(50, 51): 


Draw the diagonals BC, FG.—The triangle 
CAB CEF in every reſpect . But (becauſe. an- 
ale ABC=DCB®, angle ache d, and BC 


n d z. * 


l 
e 
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common) triangle CDR C Ah in every reſpect ; 
and (for ſim lar reafons) triangle GHF=GEF in 
every reſp:t. T erefore, triangle CDB=GHF 
in every r pectd; and. conſequently, the whole 


paralleſogr m AT'= the whale parallelogram EH 


in 1826 POE 


"Poa. t. 15 ar übe of. a en wen &. 
- vides it into two trian les, which are equal in every 
reſpect. Triangle CDB=CAB Therefore, 


Cor. 2. The oppoũite fides * oppoſite angles 
of a parallelogram are equal. Conſequentiy, 


Cor. 3. If one angle of a parallelogram be 
right, 15 the angles are right ; beiag, together, 
equal to four right angles. 


Cos. 4. Rectan glcs contained under * lines 


are equal. 
ee 5. Equal li line have qu ares 


THEOREM II. 


Planten (CB, GF) n 
equal baſes (CD, GH) and equal alti- 
titudes (AM, EN) are equal in arca, or 
occupy <qual ſpaces (52, 53).— N. B. This 
is all that is to be underſtood by equal ſur- 
faces, unleſs it be otherwiſe expreſſed. 


® Cor. f. 1. bas. 2. © Ax. 3. 
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On CD, GH, produced, let fall the perpendi- 
culars BP, FQ.—Then (becauſe AC=BD * and 
AM=BP®) triangle AMC=BPD ©, which be- 
ing ſubtracted ſeverally from the whole figure 
ABPC, there remains rect. MB= par. CB d. In 
the ſame manner rect. NF par. GF. But 
rect. MB= rect. NF<. Therefore alſo par. CB= 


Con. 1. TalAxcLES (CAD, GEH) ei 
equal baſes (CD, GH) and equal altitudes (AM, 
EN) are equal ; being halves of mo parallelo- 
grams (CB, GF). | 


Cor. 2. Every parallelogram is equal to a 
rectangle having the ſame (or an equal) baſe and 
altitude. ; 


Co. 3. Every triangle is equal to half a rect 
angle or parallelogram, having the ſame or an 
equal baſe and altitude. 


CoR. 4. Parallelograms (or wiangles) VE 
the ſame or equal baſes, and being between the 
ſame parallels, are equal; becauſe their altitudes 
are alſo equal. Hence, 


Co. 5. Every triangle is ct to half a pa- 
rallelogram, having the ſame or an equal baſe, 
and being between the ſame parallels, 


„ > an 10. © Cor. 12. I. d Ax. 3. 
2 f Ax. a. — 
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OY THEOREM m. 


12 in any quadrangle (AD) two oppoſite 
ſides (AB, CD) be equal and parallel; 

or, if a; pairs of oppoſite ſides (AB CD, 
and AC BD) be equal; or, if both pairs 
of oppoſite angles {BAC BDC, and ABD 
Ac) be equal; the quadrangle is a pa- 
rallelogram.— 50). | 


+ "Draw the diagonal BC. 


 Paar I. Ir AB be equal and parallel to CD, 
— Then, in triangles ABC, DCB (becauſe AB 
CD, BC common, and angle ABC=DCB») 
Angie ACB = DBC. Therefore AD i is a Fre 
logram vd. 


Paz II. If AB=CD and AC=BD. — Then, 


in triangles ABC, DCB (becauſe AB=CD, Ac 
BD, and BC common) angle ABC=DCB, and 
angle AcB= DBC. Therefore AD is a paral- 
lelogram b. 


Pax r 3. If angle BAC BDC, and angle ABD 
= ACD.—Then (becauſe angle BAC=BDC *) 
angle ABCEACB=DCB+DBC ©. But angle 
ABC+DBC=DCB+ACB * ; whence (by adding 


equals) 2 ABCHACB+DBC= 2 DCBLACBE 


2 Hvp. d 3. 1. . . 2 Cor. 5. 4. L. 


„5 


* 2 
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DBC*; whence, again, (by ſubtracting equals) 
2 ABC= 2 DCB*; whence alſo (by equal divi- 
fon) angle ABC=DCB*, which, taken from 
the equals ABD, ACD, leaves angle DBC 


ACB Therefore AD is a parallelogram *. 


THEOREM IV. 


| Tur complements (AO, DO) of any 


parallelogram (AD) are e f 
FROM the equal triangles BAC, BDC 6, take 


the equals BGO, BFO , and the equals CEO, 
CHG e, and there remains AO=DO *. 


THE OREM V. 


1 rectangle (AD) contained under 
any two lines (AC, CD) is equal to 


the ſum of all the rectangles contained 


under either of theſe lines (AC) and all 
the parts (CE, EF, FD) of the other. 


—(54)- 
| FroM the points E, F, draw EG, FH, per- 


pendicular to CD, and meeting AB in the points 
C2 


© Az-3- b 3. 1. Cor. 1. 1. 2. 
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G, H.—Then, CG, EH, FB, are rectangles un- 

der the whole line AC (for GE, HF, are each 

equal to AC *) and the parts CE, EF, FD, of the 
other line CD d; and AD=CG+EH+FB<. 


CoR. 1. Ir any number of rectangles have one 
fide the ſame in each, the ſum of all theſe rect- 
angles is equal to one rectangle under that com- 
mon fide, and the ſum of all the other ſides 
under which they are contained. 


Cor. 2. If a line be divided into any number = 
of parts, the ſum of the rectangles contained un- | 
der the whole line and the ſeveral parts, is 198 
to the ſquare of the whole line. 


THEOREM VI. 
TF a line (AB) be divided into any two | 4 
parts (AC, BC), the ſquare of the 


whole line is equal to-the ſquares of both 
the parts, together with twice a rectangle 


under the parts. (55). 4 
LET AE be the Yquare of AB; take AF=AC, i 
and draw FG, CH, parallel reſpectively to AB, 18 


AD.— Then, AE AITEITBITDI é. But AE tw 
is the ſquare of AB; and (becauſe of parallels) 
Al is the ſquare of AC, EI the ſquare of BC, 
and BI, Dl, rectangles under AC, BC 4. There- 
fore ABlq.=ACſq.+BCſq.+2 rect. AC, BC. 
Ax. 10, d Conſ. Ax. I. d Cor. 2. 1. 2. 
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Con. 1. TRE ſquare of any line is equal to 
four times the ſquare of half that line. 


Con. 2. The ſum of the ſquares of two lines 
is equal to the ſquare of their ſum, abating twice 
a rectangle under the given lines. 


Cor. 3- The difference of the ſquares of t two 
lines, is equal to a rectangle under the ſum and 
difference of thoſe lines. ABſq.—A Cſq. =BCſq.4- 
2 rect. AC, BC rect. AB, BC,rett. AC, BC * 
Srect. under AB+AC and BC (or AB—AC).. 


CoR. 4. The ſquare of either of two lines is equal 
to the ſquare of their ſum, abating the ſquare of 
the other line and twice a rectangle under the 
given lines, | 


Cor. 5. Equal ſquares have wt] ſides ; be- 
cauſe unequal lines 850 AC) have nnecual 
ſquares. ö 


THEOREM VII. 


"FR ſquare of the hypothenuſe (AB) 

of any right-angled triangle (ABC) 
is equal to the ſum of the ſquares of the 
two other ſides (AC, BC).—( 56). 


LeT AE, AG, and BI, be the ſquares of ab 
nr and BC. Draw CL parallel to AD or 
C3 


® Cor. 1. 5.4. 


360 ELEMENTS or 52. 


and join AH, BF, CD, CE. Then (CL being 
parallel to AD*®) triangle ACD AL; and 
(becauſe BG is one continued line © parallel to 
AF d) triangle ABF AG b. But (fince AD 
AB, AC AF, and angle CAD = BAF e) 
triangle ACD ABF f. Therefore 5AL= 
AGs; and confequently AL=AG<. In the 
fame 'manner, BL=BI. Therefore AE=AG+ 
BI ©; or, ABſq.=ACſq.+BCſq. 


The ſame may be demonſtrated various other 
ways.— Thus, let triangle ABC (57) be right- angled 
at C. In CA produced, take AD BC; let CE be 
- the ſquare of CD; take FG, EH, each BC; 
and draw BG, GH, HA. — Triangles ABC, BGF, 
GHE, HAD, are equal in every reſpect f, and 
are, therefore, together, equal to 4 ABC, or 
2 rect. AC, BC. From the equality of theſe 
triangles, it alſo appears, that AG is the ſquare 
of AB i. Hence (and becauſe AD=BC) ABſq.+ 
_ rect. AC, BC,=CDſq.= ACſq.+BCſq.+2 rect. 
AC, BC*. Conſequently, ABſq. = ACſq. BCſq. 


Cor. 1. The ſquare of either of the fides in- 
cluding a right angle in a triangle, is equal to the 
difference of the ſquares of the hypothenuſe and 
the other fide. - 


Cor. 2. The difference of 15 ſquares (or a 
rectangle under the ſum and difference) of the 
two ſides (AB, BC) of any triangle (ABC) is 

4 Conf, b Cor. 5. 2. 2. © 2.1. d Hyp. © Ax. z. 


. 8 12. aud 4. 1. k 6. 2. 
1 Ax. 3. 
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equal to the difference of the ſquares (or a rect- 
angle under the ſum and difference) of the lines 
(Ab, CD) intercepted by the extremes of the 
other ſide (AC) and the perpendicular (BD) let fall 
upon it from the oppoſite angle.— (58, 60). For 
ABſq.= = ANC +BDſq. *, and BCſq.=CDſq.+ 
BDſq. *®. Whence ABſq. N BClg. Al 
CDſq d Den nc, alſo, rect. under AB 


BC, ABG 0, rect. under AD-4CD, AD: 
De. 


T H E OR E M VIII. 


T* ſquare of a ſide (AB) ſubtending 

an obtuſe angle in a triangle (ABC) 
is greater than the ſum of the ſquares of 
the two other ſides (AC, BC) by twice a 
rectangle under either of theſe ſides (Ac) 
and the line (CD) intercepted between the 


obtuſe angle and a perpendicular (BD) let 
fall upon that fide from the oppoſite angle. 


—(58). 


ABſq.=BDfq.+ADfſq®. But ADſq.=CDfq. 
+ACſq.+ 2 rect. AC, CD a. Therefore (by 
ſubſtitution) ABſq. =BDſq.+CDſq. +ACſa.+ 
2 rect. AC, CD. But BDſq.+CDiſq.=BCſq. a 
Whence again (by ſubſtitution) ABſq. IS 

+BCſq.+2 rect. Ac, CD*. 


2 7. 2. b Ax. 3. Cor. 3. 6. 2. and Ax. 2. 06.2, 


THEOREM R. 


. Tu ſquare of a ſide (AB) ſubtending 

an acute angle in any triangle (ABC) is 
leſs than the ſum of the ſquares of the two 
other ſides (AC, BC) by twice a rectangle 
under either of theſe ſides (AC) and the 
line (CD) intercepted between the acute 
angle and a perpendicular (BD) let fall 
upon that ſide from the oppoſite angle. — 


(59, 60, 61). 


*Casr r. Wren BAC is a right angle (59). 
AB ſq. BC ſq.— AC q. = AC {q-+BC ſq.— 


2 ACſq. (or 2 rect. AC, CD). 


Cas 2. When the perpendicular falls within 
the triangle (60). ABſq.= ADſq.+BDſq. > But 
A "Be ACſꝗ.—- CD ſq.—2 rect. AD, CDe; and 
BDſq. =BCſq.—CDfq. *. Whence (by ſubſtitu- 
tion) AB. ACſq. BC ꝗ.— 2 CDſq.—2 rect. 
AD, CD «= ACſq:+BCſq;—2 rect. AC, CDee. 


Cas 3. When the perpendicular falls without 


the triangle (61). BCſq.=ABſq.+ACTq.+2 rect. 
Ac, AD*. Whence, ABſq.=BCſq,—ACſq.— 


"© Dob-2. 5. 6. d 7. 2. © Cor. 4. 6. 2. d Ax. 5. 
© Cor. 1. J. 2. f 8. 2. 


33 ELEMENTS O 62. 


| | yur Tr" _ 


$4. GEOMETRY) 3g 
2 rect. Ac, AD*= ACſq.+BCſq.—2 ACſq.— 
2 rect. AC, OT nes rect. AC, 


-CDÞ. 


Cor. FROM this and the two oreceiing Theo- 
rems, it is manifeſt, that any angle in a triangle 
is right, obtuſe, or acute, according as the ſquare 
of the ſide ſubtending it is equal to, greater, or 
leſs than, the ſum of the an of the ſides which 
contain it. 


a Ax. 3. 5 Cor. I. 5. 2. 


Kt 
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SECTION III. 
O C1RCLESs. 


 * DEFINITIONS. 


1 Circle is a plane ſurface, bounded by 
| one line called its circumference, which 
is every-where equally diſtant from a point 
within the circle called its center. —Thus AB 
is a circle, of which ACBDA is the circum- 
ference, and M the center. —(62). 


2. The diameter of a circle, is a ſtraight line 
paſſing through the center, and terminated 
both ways by the circumference ; half of 
which, or a ſtraight line from the center to 
the circumference, is called the radius. — 
Thus AB is the diameter, and AO or OC 
the radius of the circle AMC.,—(63). 


f 


3. An arch of a circle, is any part of the cir- 
cumference, as PMQ.—(63). 


4. A chord or ſubtenſe. of an arch, is a ſtraight 
line joining the two extremities of the arch, 


as PQ.—(63). 


5. A ſegment of a circle, is part of the circle 
contained under an arch and its chord, as 


93 
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PMQP (63).—When the chord is a diameter, 
the ſegment is called a ſemi-circle, as AMBA. 
—(63)- Zo 


6. A ſector of a circle, is part of the circle 
contained under an arch and two, radii drawn 


radii is a right angle, the ſector is called a 
quadrant, as AOCA.—(63). 


7. An angle in a ſegment, is the angle formed by 


the arch of the ſegment to the extremities of 
the chord, as angle ABC.—(64). 


8. A line, or circle, is ſaid to touch a circle, 
when they meet in a fingle point without 
cutting one another : thus AB touches the 
circle CD, which touches the circle DE. (65). 


9. A tangent is a line touching a circle, and ter- 
minated at the point of contact; as AC or 
BC.—(65). | | 


„ 


N. B. The diſtance of two points from one another, is tke 


line, is a perpendicular from the point to the line. 


to the extremities of the arch, as AODA - 
(63).— When the angle contained by the 


two ſtraight lines drawn from any point in 


ſtraight line joining them; and the diſtance of a point from a 


r 


1 
2 — —— 7 — — — — — 3 
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"THEOREM I. 


Cncrss (ABD, EFG) having equal 
diameters, or equal radii, are equal 
and equal circles (ABD, EFG) have equal 
diameters, and equal radi.—(66, 6) 


II both WA if ABD be conceived to be ap» 
plied to EFG with the center M upon the center 
N, tis manifeſt: the circumferences muſt coin- 
. cide :. Conſequently, in the former caſe, the 


circles are equal ꝰ; in the latter, the diameters 
and radii arc equal. | 


1 


f * 


P the ſame or equal circles (ABD, EFG) 
X equal angles at the center, or equal 


| arches, form equal ſectors (AMD, BMC, 
ENG).—(66, 67). 


ConCEIVveE the ſectors applied to one another, 
ſo as that the equal angles or equal arches coin- 
cide ; tis manifeſt the whole ſectors muſt coin” 
| die, becauſe the radii are equal ©: Therefore 

the ſectors are equal. 


2 Def. 1. 3. d Ax: 8. © Def, 1. & Theor, 1. 3. 


1 
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Cor. 1. QUuaDRaN Ts, and, conſequently, 
Sexni-cireles,! of the lame or. equal circles, are 
equal. 


Cor. 2. Equal angles at the center of che ſame 
or equal circles, ſtand upon, or are ſubtended 
by, equal arches and equal chords. 


Cox. 3. All angles at the center of the ſame 
or equal circles, ſtanding upon equal axon or 
chords, are equal. 


Con. 4. In the ſame or equal circles equal 
chords cut off equal ſegments, and ſubtend equal 
arches: alſo, equal arches are lubtended by 1 
chords. 


Co R. 5. An angle at the center of a circle is 
right, obtuſe, or acute, according as the arch it 


ſtands upon is equal to, greater, or leſs than a 
fourth part of the circumference. | 


Jp iu 


AV angle (AOB) at the center of a 
circle is equal to twice an angle 

(ACB) at the circumference ſtanding up- 

on the fame arch (AB).—(68, 69, 70). 


cn 1. Warn AC paſſes through the center 
(68). Angle AOBz=ACB+OBC*=2 ACBD. 
® Cor. 1. 4. 1. d 6. 1. 
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Cask 2. When AC, BC, are on different ſides 
of the center (69).—Drawing the diameter CD, 
angle AOD=2 ACD and — BOD=2 BCD“; 
whence, angle AOB=2 ACB d. 


Cask 3. When AC, BC, are on the ſame ſide 
of the center (70).—Drawing the diameter CD, 
angle BOD=2 BCD and angle AOD=2 ACD*; 
whence, angle AOB=2 ACB ®, 


Con. 1. An angle (ABC) at the circumference, 
of any circle (71) ſtanding upon any arch, is e- 
qual to an angle at the center ſtanding upon half 
that arch (CD). For, drawing BD, AO, and 
CO, angle ABD=3 AOD *=4COD<. But an- 
gle CBD=zCOD *. Therefore, angle ABC= 
COD ».—Hence, 


Cor. 2. All angles at the circumference of the 
ſame or equal circles, ſtanding upon equal arches 
or chords, are equal; becauſe they are equal to 
equal angles at the center *. 5 


Cox. 3. Equal angles at the circumference of 
the ſame or equal circles, ſtand upon equal arches 
and equal chords. 


Con. 4. An angle at the circumference of a 
eircle is right, obtuſe, or acute, according as the 
arch it ſtands upon is equal to, greater, or leſs 
than half the circumference 4.—Therefore, | 

Cor. 5. An angle in a ſemicircle, is right ; an 
angle in a ſegment leſs than a ſemi-circle, is ob- 
tuſe; and an angle in a 1 0 greater than 2 
ſemi-circle, is acute. 


2 Caſe 1. b Ax. 3. 
1 Cor. 5. 2. 3. 


0 a 3. 2. 3» and Ax. 8. 


13 nung 


THEOREM IV. 


Line (AB) drawn from the center 
(A) of a circle to the middle. of any 
chord (CD) is perpendicular to the chord. 
—And a line (BA) biſecting any chord 
(CD) at right angles, paſſes through the 
center of the circle. —(72). 

PART I. Draw AC, AD. In triangtes ABC, 
ABD {becauſe AC=AD *, BC=BD *, and AB 
common) angle ABC= ABD<, | 
PaR r II. If you ſay any line BE, and not BA, 


paäaſſes r the center; then, angle CBE=a 


right angle = CBA, which is impoſſible . 
Therefore BA paſſes through the center f. 


Co. 1. Sixcx from the ſame point to the 
ſame line there can be drawn only one perpen- 
dicular s, it follows that a perpendicular let fall 
from the center of a circle upon any chord bi- 
ſects the chord; or it follows from Cor. to 12. 1. 


Cor. 2. Two chords crofling one another, 
cannot each biſect the other, unleſs they both 
paſs through the center; becaufe a line drawn 
from the center to the point of their interſection 
cannot be perpendicular to both. 


CoR. 3. A radius biſecting any chord, biſects 
alſo the arch; becauſe angle CAF DAF, arch 
CF DF s. | k 

D 2 


4 Def. 1. 3: b Hyp. 11. r. d Party. © Ax. 2. 
5 Ax. It. © Cor. 2. 4 1. h Cor. 2. 3. 3. 
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THEOREM V. 


NY chord (AB) of a circle falls en- 
tirely within the circle —(7 3). 


L r C be the center of the circle. Draw CA, 
CB; and, to any point, D, in AB, draw CD. 
— Then, becauſe, CA=CB *, angle A=Bd. But 
angle CDAE Be. Therefore, angle CDA Ad; 

and, conſequently, CA CD*, The point D, 


| point whatever in AB, and, conſequently, AB 
Do.” . 


| Con. A line touching a circle: in two points, 
cuts the circle : and a line touching a circle with- 
out cutting it, touches it only in one point. 


THEOREM VT. 
IT a line (AB) be perpendicular to the 
radius (CD) of a circle at the extreme 
point mg 7 8 it touches the circle in 
that point. — And, if a line (AB) touch a 
circle in a point (D), it is perpendicular 
| to the radius (CD) at that point. —(74). 


2 Def. 1.3. b 6.1. © Cor. 1. 4. 1. d Ax. 5. 7. 1. 


therefore, falls within the circle“; that is, any 


ime we , n ww 
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PART I. Fou the center C, to any other 
gies E, in AB, draw CE.—CE exceeds CD *. 
Therefore, E is without the circle Þ . Conſequent- 
ly, AB cannot touch the circle in E, that is, in any 
point except D. 


Pak r II. Drawing CE as before, CD is leſs 
than CE<, and, coalequentlys AB perpendicu- 
har to CDs. 


THEOREM VIL 


F the diſtance (AB) of the centers of 
1 two circles be equal to the ſum or dif- 
ference of their radu, the circles will touch 
one another in a point (C) in that line 


(AB)—(7 5, 76). 


| Casr 1. When AB=the ſum of the radiĩ 
(75) Let AC be the radius of one circle; ſo is 
BC the radius of the other . Let DCE be per- 


pendicular to AB. The circles touch DCE, and, 


conſequently, one another, only in Ce. 
Cast 2. When AB the difference of the ra- 


dii (76) — Let AC (AB produced) be the radius 


of the greater circle; ſo is BC the radius of the 
leſs e. Take any other point, D, in the eircum- 
ference of the leſs circle; and draw AD, BD. 


D 3 
2 8. 1. b Def. 1. 3. © Hyp. ce. U. . „ | 
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Becauſe BD=BO *, -AB+BD= AC". But AB 
BDE AD. Therefore AC AD a. The point 
D, therefore, is within the greater circle; and, 
conſequentiy, the circles touch one another only 
in C. 


Con 1. If the diſtance of the centers of two 

circles be leſs than the ſum of their radii, a part, 
at leaſt, of the one circle will fall within the o- 
ther; but if greater than the ſum, the one circle 
will fall wholly without, and neither touch nor 
cut the other. —Alſo, if the diſtance of the cen- 
ters of two circles be greater than the difference 
of their radii, a part, at leaſt, of the one circle 
will fall without the other; but, if leſs than the 
difference, the one circle will fall wholly within, 
and neither touch nor cut the other. Therefore, 


Cor. 2. Two circles can touch one another 
only when the diſtance of their centers is equal 
to the ſum or difference of their radii; in the for- 
mer of which caſes, they touch one another out- 
wardly ; in the latter, inwardly.—Whence, and 
from the Theorem, 


Con. 3. If two circles touch one another, a 
line drawn through their centers, will paſs thro” 
the point of contact; or, drawn from the point 
olf contact to either center; will paſs through the 
other center. 


Cor. 4. If the diſtance of the centers of two 
_ circles be leſs than the ſum, and greater than the 
difference of their radii, thoſe circles will cut 
each other; for part of the one circle will fall 
within, and part of it without the other © 

2 Def. 1. 3. b Ax. 3. © 9.1. d Ax. 5. © Cor, 1. 7. 3. 
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THEOREM VIII. 


1 * angles (ABC, ABD) bined by 


any chord (AB) and a line (DC) 
touching the circle at the extremity of the 
chord, are reſpeQively equal to the -an- 
gles (AEB, AFB) in the alternate 8. | 
ments.—(77). | 


LET BG be the diameter, and draw EG, FG. 
—Angles GBC, GBD, GEB, GFB, being right 
angles *, are all equal b; and ABG, AEG, AFG, 
being at the circumference, and ſtanding upon 
the ſame arch, AG, are alſo equal e. To GBC, 
GEB, add ABG, AEG, and you have ABC 
AEB d. From GBD, GFB, take ABG, AFG, 
and you have ABD= AFB Il. | 


CoR. 1. ThE oppoſite angles of any quadran- 
gle inſcribed in a circle (that is, having its angular 
points in the circumference) are, together, equal 
to two right angles. AEB+AFB= ABCHABD 
=2 right angles. Conſequently, 


Cos. 2. If any fide of a quadrangle inſcribed 
in a circle be produced, the external angle there- 
by formed will be equal to the internal oppoſite 
angle. Becauſe -AEB+AFB= 2 right angles 
AFH+AFB, AEB=AFH.—Hence alſo, 

CoR. 3. Every parallelogram inſcribed in a 
circle is a rectangle ©. 


2 6. 3. and Cor. 5.3. 3. d Ax. 9. © Cor. 2. 3. 4 Ax. 3. 
© Cor. 2. 1. 2. 
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THEOREM EX. 


AY NY two chords (AB, CD) at equal 

diſtances (OE, OF) from the center 
of a circle, are equal.—And equal chords 
AB, CD) are at equal diſtances (OE, OF) 
from the center. —(78). 


PART I. Draw OB, OD.—Becauſe triangles 


OBE, ODF, are right-angled at E, F., and have 


OB=ODÞ» and OE=OF*, BE=DF<; and, 

conſequently, 2 BE or AB=2 DF or CD 4. 
PRT II. Draw OB, OD.—Becauſe triangles 

OBE, ODF, are right-angledat E, Fa, and have 


OB=OD » and BE or * or 40D, 
ens 8 


THEOREM X. 


F all chords which can be drawn in a 

— circle, that one (AB) is the greateſt 

which paſſes through the center (O); and, 

of the reſt, any one (CD) is greater than 

any other which is at a greater diſtance 
from the center.—(79). 


® Hyp. d Def. I. 3» © Cor. 12. 1. d Cox, 1. 4. and Ax.. 


r Ss 


Rp > — „ „% HS _-- 
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PART I. DRAW OC, OD. — Then, OCH OD 
=OA+OB*. But OC ODE CD®; and, con- 
ſequently, OA+OB (or AB) z CD< 5 


Par II. Draw radius OG perpendicular t o 
CD at H; in which take Ol, any diſtance grea- 
ter than OH ; through I, draw the chord EF, 
perpendicular to OG ; and? Join OE, OF. —Then, 
in triangles COD, EOF, (becauſe OC=OE, OD 
OF , and angle CODE EOF<®) CDE EF, or 


greater than any chord at the ſame diſtance from 


the center as EF e, that is, at A greater diſtance 
from the center this CD . 


Cor. A line greater than the 3 of a 
circle drawn from any point within the circle, will 
cut the eum. | 3 


THEOREM XL 


IF to the circumference of a cirele, from 
any point (A) which is not the center, 
lines be drawn (80, 81, 82) —1. That line 
(AB) which paſſes through the center (O) 
is greater than any other (AC).,—2, The 
remainder (AL) of the diameter (when the 
point is within the circle (80) is leſs than 
any other line (AC).—3. Any two lines 
(AC, AD) making equal angles with the 
2 Def. 1. 3. and Ax. 3. b 9. 1 Ax. 5. a Def. I. 3. 
© Ax. 1. * 5 9 3. | 


*® 
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greateſt, are equal. —-4. Any two (AD, 


AE, or AC, AE) making unequal angles 
with the greateſt, are unequal, and that is 
the greater (AD or AC) which makes 
the leſs angle.—5. Of external lines (82) 
that one (AG) which produced would paſs 
through the center, is lefs than any other 
(AH). —6. Any two (AH, Al) making e- 
qual angles with the leaſt, are equal. — 
7. Any two (Al, AK, or AH, AK) mak- 
ing unequal angles with the leaſt, are un- 
equal; and that is the leſs (Al or AH) 
which makes the leſs angle. | 


Draw OC, OD, OE, OH, Ol, Ok. 8 
ParT I. Becauſe OC OB, AO+OC=AO0 


+OB D = AB ©.” But AO-+OC£ AC, There- 


fore ABZ AC*. 8 


Plar IT. Becauſe OC ZAC4EAO®, OL (or AI. 


+AO) ZAC+AO®. Whence, (by ſubtracting 
AO common) AL AC f.—(80). 


Paar III. If you ſay that Ac, AD, are un- 


equal, let AC be the greater; take AF= A, 
and join OF. So muſt OF ODS; which is 
impoſlible *. Therefore AC=AD l. 


Paar IV. Becauſe ODSOE, AO common, 
and angle AODE AOE , AD (and conſequently 
Aci) E AE Kk. p 


2 Def. 1. 3. d Ax. 3. Fe eee f Ax. 4. 
E . t. Ax. 11. i Part 3. K 13.2 
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Paxr V. AG+GO ZAH+HO *. Whence (by 
ſubtracting the equals GO, HO) AG Z AH. 


Paar VI. If you ſay that AH, Al, are unequal, 
let AH be the greater; take AM Al, and join 
OM. So muſt OM Ole, which is impoſſible 4. 
Therefore AH = Al. 


Paar VII. AlAIO ZAK4KO f. Whence (by 
ſubtracting the equals 10, KO) AI (and conſe- 
quently AH) 7 AK ». 


CoR. 1. THREE TR lines cannot be den 


to the circumference of a cirele from any point 
which is not the center: conſequently, if from 


any point in a circle three equal lines can be drawn 
to the circumference, that point is the center of 
the circle. 


Co. 2. The circumferences of two circles can- 
not cut one another in more than two points; 
for if you ſay they will cut one another in three 
points, three equal lines may be drawn from one 
and the ſame point to the circumference of each 
circle d, which is therefore the center of bothh; 
and their radii being thus equal, the circles — 
coincide i, contrary to hypotheſis. 


9. 1. d Ax 4. 1. 1. d Def. 1. 3. Anil 
f 10. 1. © Part 6. k Cor. 1. 11. 11. 3. 
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THEOREM XII. 


f Tr. in a circle, two chords (AB, CD) 

cut one another, the rectangle contain- 
ed under the parts (AE, BE) of the one, 
is equal to the rectangle contained under 
the parts (CE, ' DE) of the other. —(83, 
84, 85, 86). | 


| offTY I. When both che paſs W the 


center (83). Rec. AE, BE, =re&t. CE, BE. 


Cas 2. When but one chord (AB) paſſes thro! 
the center O (84, 85).—1. If AB is perpendicular 
to CD (84) draw OC. Then (becauſe OC=OA) 
OC OE AE“, and (becauſe OC= OB) OC-OE 
= BED. Therefore, rect. AE, BE, =OCſq.— 
OEſq. . CEſq. rect. CE, DE*.—2. If AB is 
not perpendicular to CD (85) let OM be perpen- 
dicular to CD, and draw OC. Then, as before, 
OC OE AE, and OC-OE=BE.- Alſo CM. 
EM=CE, and (becauſe CH=DM ©) CM-EM= 
DE b. Therefore, rect. AE, BE, rect. C, 
DE f. 


CasE z. When neither chord paſſes through 
the center (86).—Let MEN be the diameter. 
Then, rect. AE, BE,=re&. ME, NE4,=ref. CE, 
DE-. 


a Cor: 4. 1. 2. b Ax. 3. e Car. 3. 6. 2. d Cor. 1. 7. 2. 
e Cor. 1. 4. 3. f Cor. 2. 7 2. 5 Caſc 2. 
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THEOREM XIII. 


F, from any point (A) without a Grad; 
two lines (AB, AC) be drawn, cutting. 
the circle and terminating in the circum- 
ference; the rectangle contained under the 
whole (AB) and external part (AD) of 
the one, is equal to the rectangle contain- 


ed under the whole (Ac) and external 


part (AE) of the other. — (87, 88). 


CasE I. WHEN one of the lines (AB) paſſes 
through the center O (87). Let OG be perpen- 
dicular to CE, and draw OC. — Then {becauſe 
AB = AOTH OC, AD AO—OC*, AC AG 
GC®, and AL=AG—GC*) rect. AD, AD,= 
rect. AC, AE d. 


Cas 2. When neither of the lines paſſes thro? 
the center (88).—Let AM paſs through the cen- 
ter.— Then rect. AB, AD, rect. AM, AF gow 
rect. AC, AE*. 


CoR. 1. THE ſquare of a tangent (AH) drawn 


from any point (A) without a circle, is equal to 


a rectangle contained under the whole of any line 


E 


Def. x. 3. and Ax. 3. d Ax. 1. © Cor. 1. 4. 3. and 
Ax. 3. d Cor. 3. 7.4. © Caſe 1. 


%, 
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(AB) drawn from the ſame point to the oppo- 
ſite part of the circumference and the external 
part (AD)—(88). For, AM, OH being drawn, 
AHſq.=AOfſq.—OHfq. *=re&t. AM, AF® (be- 
cauſe AM AO4OH © and AO * 
_ AB, AD. 


+ Con. 2. Two tangents (AH, An) drawn . 
me ſame point (A) to a circle, are equal; becauſe 
the ſquare of each is to the ſame irs | 
AB, AD. | 


=_ 6. 3. and Cor. f. 7. 2. d Cor. 3. 6. 2. © Ax, 3. 
4 Caſe 1. © Cor. I. 13. 3. 
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SRS TON W. 


Of PROPORTION. 


DEFINITIONS. 


JOUR quantities (A, B, C, D) are ſaid 
to be proportional direct, when the firſt 
has the ſame magnitude in compariſon of the 


ſecond, which the third bas in compariſon ok 


the fourth. In this caſe, the firſt is ſaid to 
have the ſame ratio to the ſecond, as the third: 
to the fourth; or more briefly, the firſt is ſaid 
to be to the ſecond, as the third to the fourth. 
This is commonly expreſſed by points; thus, 
A: B:: C: D.— N. B. The firſt and third 
quantities are called antecedents; and the ſecond 
and fourth, conſequents, Note alſo, If four 
quantities are ſaid to be proportional, the or- 


der here mentioned is always to be underſtood, 


unleſs it be otherwife expreſſed. 


Four quantities (A, B, C, D) are ſaid to be 


proportional alternately, when the firſt, is to the 
third, as the ſecond to the fourth; inverſely, 
when the ſecond is to the firſt as the fourth 


to the third; conjunfly or compoundedly, 


when the ſum of the firſt and ſecond is to che 
E 2 
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firſt or ſecond, as ,the ſum of the third and 
fourth is to the third or fourth; diszunfly or 
dividedly, when the difference of the firſt and 
ſecond is to the firſt or ſecond, as the diffe- 
rence of the third and fourth is to the third 
or fourth; mixed/y, when the ſum of the firſt 
and ſecond is to their difference, as the ſum 
of the third and fourth is to their difference ; 
and reciprocally, when the firſt is to the third, 
as the fourth to the ſecond. —Akernately, 
A: C:: B: D.—Inverſely, B:A::D:C— 
Conjunctiy, A+B:A or B:: CD: c or 
D. — Disjunctiy, AB: A or B:: CM D: 
or D. — Mixedly, ATB: AB:: CTD: 
C D.—Reciprocally, A: C:: D: B. 


Any number of quantities (A, B, C, D, &c.) 
are ſaid to be continually proportional when 
the firſt is to the ſecond, as the ſecond to the 
third, as the third to the fourth, &c. Con- 
tinual proportion is denoted thus A. +B3cC: 
D, &c. 


. When three quantities are continually pro- 

portional, the firſt is ſaid to have to the third 

a ratio duplicate of the ratio of the firſt to the 

ſecond: and, when four quantities are conti- 

nually proportional, the firſt is ſaid to have 

to the fourth a ratio triplicate of the ratio o of 
the firſt to the ſecond. 


When four quantities are proportional dired7- 
ly, the firſt and fourth are called the extremes; 
the other two, the meant; and the fourth, a 
Faurth-proportional to the other three. 


1 
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6. When three quantities are continually propor- 


tional, the firſt and third are called the ex- 


tremes: the middle quantity, the mean; and 
the third, a Hird- proportional to the other 


two. 


Two ſets of quantities, equal i in ane (A, 


B, C, D; P, Q. R, 8,) are ſaid to be ordi- 


nately poniceal, when the firſt is to the 
ſecond of the one ſet, as the firſt to the ſe- 
cond of the other; and the ſecond to the 


third of the one, as the ſecond to the third: 


of the other, &c. That is, when A: B: 
P: Q and B*C::Q:R, &c. | 


Two ſets of quantities equal in number (A, 


B, C, D; P, Q, R, 8,) are faid to be inordi- 
nately proportional, when the firſt is to the 
ſecond of the one ſet, as the laſt ſave one to 
the laſt of the other; and the ſecond to the 
third of the one, as the laſt ſave two to the 
laſt ſave one of the other, &c. That is, when 
A: B:: R: S and B: C: QR, &c. | 


A multiple of any quantity is twice, or thrice, 
&c. that quantity; z and an aliquot part of any 
quantity, is one half, or one third, &C. of that 


quantity. 


Equimultiples and like aliquot parts of two or 
more quantities, are ſuch as are produced by 
the ſame number. Thus, 2 A, 2 B, are equi- 
multiples, and XA, 3B, like aliquot panes} of 


A, B. 
E 3; 


„ 
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IONS, 


NY two quantities of the ſame kind may 

be ſuppoſed to conſiſt of parts which 

are all equal to one another. For whatever 
number of equal parts one quantity is ſuppoſ- 
ed to conſiſt of, tis manifeſt the other will 
contain a certain number of ſuch parts, either 
exactly, or with an overplus leſs than one of 
thoſe parts. But the equal parts in the former 
quantity, may be conceived to be indefinitely 
ſmall; in which caſe, the overplus of ſuch 
parts in the latter muſt be nothing or indefi- 
nitely ſmall. —In the ſame manner, it is mani- 
feſt, that three or more quantities of the ſame 


Eind may be ſuppofed to conſiſt of parts which 


are all equal to one another.—Hence it ap- 
pears alſo, that any quantity may be conſider- 
ed as ſome multiple, or aliquot part, or multi- 


ple of an aliquot part, of any other quantity 


of the ſame Kind. 


If any two quantities conſiſt of parts which 


are all equal to one another, either quantity 
is to the other as the number of thoſe parts in 


the one is to the number of them in the other. 


* 


 — Thus, if A and B conſiſt reſpectively of 2 


and 3 parts all equal to one another, then A: 
$2: %Wmmd3:&A':rq:- 2. 


14 GEOMETRY. 5 
3. If four quantiti ies be proportional, whatever 
numbers of parts all equal to one another the 

firſt and ſecond confiſt of, the ſame number 


of parts all equal to one another muſt the 
N and fourth conſiſt of. — Thus, if A: B 


' C: D, and if A and B conſiſt reſpectively 
1 4 2 and 3 parts all equal to one another, C 
. and D muſt alſo conſiſt reſpectively of 2 and 3 
= parts all equal to one another; or (which is 
1 the ſame thing) if AB, C muſt D. 

g Whatever numbers of parts all Equal to one 
f * 

= another any two quantities conſiſt of, the ſum 
E and difference of thoſe quantities will conſiſt 
4 of the ſum and difference of thoſe numbers 
| of ſuch parts.—If A conſiſt of 5; parts and 
4 B of 3 parts all equal to one another, A+B 
* will conſiſt of 8 ſuch parts, and Ac B of 2 
4 ſuch parts. 


z. If four quantities be Ne the firſt is 
the ſame multiple, aliquot part, or multiple of 
an aliquot part, of the ſecond, as the third is 


y of the fourth.—If A: B:: C: D, and, if A 
be thrice, one third, or two thirds of B, C is 
N alſo thrice, one third, or two thirds of D. 
ty 6. Ratios equal to the ſame or to equal ratios are 
in equal, If A: B:: P: Q and C: D:: P: Q. 
r. A; B:: C: D; or, if A: B: P: 
2 Lt ns andP:Q;:R:5, then A: B 
TE C: D. 


7. Ka have to onualy the ſame ratio.—If A 
B and C=D, thn A: C:: B: D. 


* 
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8. Unequal quantities have to equals unequal 
ratios, and the greateſt quantity has the 
greateſt ratio. —lf AZB and C=D, A is 
greater in compariſon of C than B in com- 
pariſon of D. 4 


9. Quantities which have to equals unequal ra- 
tios are themſelves unequal, and that is the 
greateſt which has the greateſt ratio. If C=D 
and A have a greater ratio to C than B to D, 
then AL B. 


10. If four quantities be . and the 
fFirſt be equal to, greater, or leſs than the 


ſecond, the third will accordingly be equal 


to, greater, or leſs than the fourth.—If A.: 
B:: C: D; then, if A=B, C- D, if AZ 
B, C<D, and if A7 B, C 7D. 


ros rur Arx. 


portional may be aſſumed. 


"HAT, to any three quantities, a fourth pro- 


THEOREM 
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THEOREM TL 
TF two antecedents be reſpeQively to one 
conſequent, as two other antecedents 
to another conſequent; the two former an- 
tecedents are to one another as the two 
latter; and the ſum or difference of the 
two former antecedents is to the former 
conſequent, as the ſum or difference of the 
two latter antecedents is to the latter con- 
ſequent. If A: X:: C: Z, and B: X 
:: D: Z; chen, A B:, D, aud 
AAB or Am B: X:: CD or C D: 2. 


Lz r A, B, X, confiſt reſpectively of p, q, r, 
parts all equal to one another * ; ſo will C, D, Z, 
conſiſt reſpectively of p, q, r, parts all equal to 
one another b; alſo A+B, A B, will conſiſt re- 
ſpectively of - p+q, pq, of the former equal 
parts, and CD, CD reſpectively of p+q, 
pe q; of the latter *, — Hence, 


PaR T I. A:B::p: l D p: 9 5 
therefore A: B:: C: De. : 


ParT II. AB: X:: p: r, and iD: 
Z :: p: rd; therefore ATB: X:: CD: 
2 Digs | 
2 Ax. 1. 4. d Ax. 3.4. © Ax. 4. 4. d Ax, 2. 4 Ax. 6. 4 
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Pax r III. A B: X:: pr, and CHD: 
Z::png:r* en. AnB: XR :: CnD 
25. | | 


Cor. If any 8 of antecedents (A, B, C, 
Sc.) be reſpectively to one conſequent (J) as the 
ſame number of other antecedents (P, Q, R, &c.) 


to another conſequent (Z), the ſum of all the for- 


merantecedents is to the former conſequent, as the 
ſum of all the latter antecedents to the latter con- 
ſequent.—For, A+B:X:: PQ: Ze, whence 
again ( _ C: X:: R: Z) A+B+C: X:: 


— 


THEOREM II. 


FF any number of quantities of the ſame 
kind be proportional, any antecedent 
is to its conſequent as the ſum of all the 
antecedents is to the ſum of all the conſe- 
1 A: B:: Ce DZ: E: E, &c. 
A: : A+C+E &c. : B&D+F &c. 


L r A, B, conſiſt reſpectively of p, q, parts, 
all equal to one another d; ſo will C, D, conſiſt 
reſpectively of p, q, parts, all equal to one an- 
other ©. Let X denote one of the equal parts in 
A, By and Z one of the equal parts in C, D. 


Then A+C=X+2Z repeated p times; and B+D 
2A. 2. 4. b Ax. 6. 4. © Te 4. d Ax, I. 4. e Ax. 3. 4. 


2.8 A ak 


* 
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=X+Z repeated q times *. Therefore AAC, 
BD, conſiſt alfo reſpectively of p, q, parts, all 
equal to one another. Conſequently, A: B:: 
p: :: ATC: BD d. — Hence, E: F:: AC 
: ue ©, Conſequently (by the preceding part) 
E:F Ae rs N Er. ſo on. 


Cor. 1. ANY two quantities G. Q) of Fr ſame 
kind are to one another as their equimultiples 
(R, 8). For, let R=P+P+P &c. and S=Q+ 

+Q &c. then (fince P: Q:: P: Q:: P: 
de.) P: Q: : P+P+P &c. : 8 e 
that is, P: Q::R:9. 


— 


Co R. 2. Any two * of the ſame kind 
are to one another as their like aliquot parts, 
thoſe being equimultiples of theſe : whence alſo, 


Con. 3. Any two quantities of the ſame kind 
are to one another as equimultiples of their like - 
aliquot parts, by Cor. 1. 


THEOREM III. 


F* four quantities be proportional direck- 

ly (A: B:: C: D) they are alſo pro- 
portional alternately, inverſely, conjunctly, 
disjunctly, and mixedly. 


a Ax. 1. 1. b Ax. 2. 4. © Ax, 6.4. d Def, 3.4 2. 4. 
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Pax Tr I. BRCAUSER A: B:: C: D; A, C, 
are equimultiples, or like aliquot parts, or equi- 
multiples of like aliquot parts, of B. D*. There. 
fore A: C: B. Dο⁹ᷣ % 


Pint I. B: 12 9 15 and A: Ya :C 
Da; therefore B: A:: D: es. 


PART III. A: A: e, and B: A: 0 
: Cf; therefore ATB: A:: CD: Ce. Alſo 
A:B::C: Da, and B: B:: D: D*; there- 
fore ATB: B: : C+D ; Ws : 


"Pan IV. Tn the ſamo deer 2x in Part: 3. 
we derive Ach B: A or B: 3 Cor D. 


rar, A A cs, OP 
: CoD: C®; therefore AB: Ar B 
A (ths CD. = 7 


”Y 


Con. 1. Ir four quantities of the ſame kind be 
proportional, and the firſt be equal to, greater, 
or leſs than the third, the ſecond will according- 
ly be equal to, greater, or leſs than the fourth ; 
and, if the ſecond be equal to, greater, or leſs 
than the fourth, the firſt will accordingly be e- 
qual to, greater, or leſs than the third.—For, if 
A: B:: C: D, then A: C: B: D*; whence it 
is manifeſt _ Ax. 10, 


A. 1. and 5.4. b Cor“. to 8. 4. © Def. 1 4 d Hyp. 
e x. 4. f Part 2. 8 Part 3. h Part 4. i Part 1. 
. 1 


N This ordering of the quantities, evident y requires that 
they be all of the ſame kind: the other variations do not. 


e a. tn tn ad. 


that 


F. 
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Cor. 2. Ir the firſt of four proportionals of 


the ſame kind be the greateſt, the fourth will be 


the leaſt 3 if the ſecond be the greateſt, the third 
will be the leaſt ; if the third be the greateſt, the 
ſecond will be the leaſt; and, if the fourth 
be the greateſt, the firſt will be the leaſt, —If 


A: B:: C: D, and A be the greateſt, then, be- 
cauſe AE C, BE Do; and, becauſe AE B=, 


CE De. The reſt follows from this, berauſe 
B: A: : D: C, C: A: D B, and D: C: . 
A E ee, again, 


Con. 3. The ſum of che greateſt and leaſt of 
fdur proportionals of the ſame kind, exceeds the 
ſum of the other two.— Let A: B:: C: D, and 
let A be the n ; then D is the leaſt e. Now 
AB: A: CD: Cf, and, conſequently, 
Kier 1 C—DE, But AZ Ca. Therefore 
IB C- De. To each of theſe u 
B+D, and you have AT DE B+C®, 


THEOREM Iv. 


FF four quantities be proportional, then, 

T inſtead of the firſt and ſecond, or the 
third and fourth, their equimultiples, or like 
aliquot parts, or equimultiples of their like 
aliquot parts, may be fubilitated, and the 


2 Hyp. b Cor. I. 3. 4. e Ax. 10. 4. d 3. 4. e Cor, de, 
f Part 4. 1 Part 1. h Ax. 4.1. 


F 


nequals add 
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quantities ſtill remain proportional. Alſo, 


a ſimilar ſubſtitution may be made inſtead 
of the firſt and third, or the. ſecond and 


fourth —If A: B:: C: D, and P, 
denote equimultiples, &c. of A, B, and R 
8, equimultiples, &c. of C, D; then, P: Q 


nnn een 
R: 8.—Alſo, A”: . and 

b. Q, denote equimultiples, &. of A, C, 

and R, 8, e &c. of B, D; 


„„ „ A: R: C: 8, 


and P: * 8. 


Part I. P Q A: . and C: D:: A 
: BÞ; therefore P: Q:: C: De. A:B::C 
: Db, and R:S::C: D*; therefore A: B 
FR: 80. FP: and R : 9: : C 
D *; therefore P: Q:: R: 82... 


Pak II. . and e 
: DÞ, and R: B:: 8: Ds; therefore A : 


: QQ :8f. P: B: Q Ds, and R: B : 
D; therefore P: R: 84. | 


D 
Ce; therefore P: B Q:; Df. A. B. C 
R 
8 


Cor“, to 2% 4 d p. A. 6. 4. «0 | Def. I. 4. 
TL 4 Th TT FOR 3. | 


— — «A „ 1 an a a. Ic 
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THEORE M V. 
iT two ſets of quantities be ordinately 
proportional, the firſt is to the laſt of 
the one ſet, as the firſt to the laſt of the 
other. —If A, B, C, D, and P, Q, R, 8, be 
ſuch that A: B:: P: Q. B: TY 


: R, and C: D::R: 83 then A: D: 
P: 8. 


Becauvsk A:B::P:Q* and C: B. R 
Q, A: C: :P: Re; and becauſe A : C:uP 
: Rand D: C:: 8: R, A: D:: P: 8e; and 
fo on, to any number of quantities. | 


Con. 1. Ie two ſets of quantities be ordinately 
proportional, any two quantities in the one ſet, 
are to one another as the two correſponding 
quantiries in the other 4 : whence alſo (when the 
quantities in both ſets are of the ſame kind) any 
quantity in the one ſet is to the correſponding 
quantity in the other, as any other quantity in 
the one is to its carecſpooding quantity in the. 
other . 


Co. 2. If two ſets of quantities be ordinately 
proportional, the ſum of the one ſet is to any 
quantity in it, as the ſum of the other ſet is to the 
correſponding quantity in it. For, let the ſets be 


| a Hyp. b 3. 4. © 1.4, d 5. 4. ff 


. 8, or let B: C:: 8: M4: Then (A, B, C, and 


64 E L E MENTS os 8 $4. 
denoted as above, and let X, Z, denote any two 


correſponding quantities; then A: X:: P: Z, 


X:: &, e: K:: R: 2, and D: X:: 8 
213; conſequently A+B+C+D :R : PN 
R-+S : Z. — Hence alſo (when the quantities in 


both ſets are of the ſame kind) the ſum of the 


one ſet is to the ſum of the other as any quantity 


a the one is to the cpereipending quantity in the 


other ©, 


— 


THEOREM VI. 


| TF two ſets of quantities be inordinately 
proportional,” the firſt is to the laſt of 
the one ſet, as the firſt to the laſt of the 
other. [If A, B, C, D, and P, Q, R 
M be ſuch that A: B:: R: 8, B: C 
Neider: Q ther A 
- D 8. 


LE r M denote a fourth proportional to B, & 


R, S, M, being ordinately proportional) A : C 
2 R M.. But, (beeauſe B: C:: Q: R and 
B: C:: 8: Me) Q R:: 8: M,, and conſe- 
quently, Q: 8: : R: Mb. But A: C:: R: NM. 
Therefore A: C:: Q 85% —Hence (A, C, D, 
and P, Q, 8, being inordinately proportional) A 
1D: : P 8, by the preceding part: and fo on, 
to any number of quantities. 


« Cor. 1.5.4 b Cor. 1. 4. 3. 4. d Poſt. . 4. 
_ THyp. F Ax. 6. 4. : 7 


2 
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SEK CTIOR v. 


Of PROPORTION in PLANE SURFACES, 


DEFINITION. 
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8 MIL AR ftraight-lined figures are thoſe 
which have the angles of the one equal re- 
ſpectively to the angles of the other, and the fides 
oppoſite or about the equal angles proportional. 

| Thus, if angle A= D, B= E, C=F, and AB : DE 
:: BC: EF:: AC:: DF, the triangles ABC, 
DEF are ſimilar.— (101, 102). 
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TRHREOQOREM LL 
PPARALLELOGRAKS (AD, EH) having 
equal altitudes, are to one another as 
their baſes (89, 90).—And parallelograms 
(TS, XW) having equal baſes, are to one 
another as their altitudes (91, 92). 
Bed of 


2 Pax r I. LET the baſes CD, GH, conſiſt re- 
ſpectively of P (3) Q (2) parts, all equal to one 
another, : ſo will lines drawn from the diviſions 

to AB, EF, and parallel to AC, EG, divide alſo 

AD, EH;' reſpechvely into P (3) Q (2) parts, 


all WT 
P: Q CD: GH. 
Par II. La r TA, VB, XC, YD, be perpen- 
dicular to TV, XY, and meet RS, UW produ- 
ced, in A, B, C, D 92). Then TS VA and 


XW. IC. But VA: YC:: TA: XC*®. There- 
fore TS : XW: : TA: *. 


Con 1. Tardnords having * cites, 


equal baſes, are to one another as their altitudes: 
decauſe it holds true of their doubles. 


Co R. 2. Equal parallelograms, or equal trian- 
gles, having equal altitudes, have equal baſes; 


and having equal baſes, have equal altitudes. 
Therefore, alſo, equal parallelograms, (AD, EH) 


- of it, are between the fame parallels (AF, CH). 
r 


i 2 Ax. T. 4. bas A. 8. 4. 4 Cor. 3. 2. 2. 
| Part . f Ax. 7. 4. | 


a _ THEOREM 
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equal to one another d. Therefore AD: EH | 


© 8 as their baſes; and, having 


or equal triangles (CBD, GFH) having equal 
baſes in the fame line, and being on the ſame fide 


—— 
. — 


1 D @& 


one angle (BDC) in the one equal 
to one angle (EDG) in the other, and the 


ſides (CD, BD; ED, GD) containing 
thoſe angles reciprocally proportional, are 


equal.— And equal parallelograms (AD, 


FD) having one angle (BDC) in the one 
equal to one angle (EDG) in the other, 
have the ſides (CD, BD; ED, GD) con- 


taining thoſe angles reciprocally propor- 


tional, —(94). 


Ler the parallelograms be fo placed, that BD, 
GD make one continued line; fo will alſo CD, 
ED, make one continued line * : let alſo AB, FE, 
be produced till they meet in H, co a Wm 
rallclogram (HD). 


Parr I. AD:HD::CD: ED and FD: HD 


: GD : BD», But CD: ED :: GD: BD; 
48 AD: HD:: FD: HD a, and 1 


quently AD SD e. 


Part II. AD: HD:: FD: HD:. But AD 
HD:: CD: ED and FD: HD: : GD: BD; 


therefore CD: ED : : GD: BD. 


2 Cor. 6. 2. 1. d 1. 5. Hyp. d Az, 6. 4. 
a © Cor, I, 3» 4. f Ax, 7. 4. ; 


Dangers (AD, FD} having . 
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Cor. 1. TRIANGLES (BDC, EDG) having 


one angle in the one equal to one angle in the 
other; and the ſides containing thoſe angles re- 


ciprocally proportional, are equal: and equal tri- 
angles (BDC, EDG) having one angle in the 


one equal to one angle in the other, have the ſides 
containing thoſe angles reciprocally proportional: 
becauſe they are halves of their reſpective paralle- 
lograms, AD, FD. 


Cox. 2. If four lines ( AC, EG, GH, CD) be 
proportional 95, 96), the rectangle (AD) under 


the extremes is equal to the rectangle (EH) un- 


der the means; and if the rectangle (AD) under 
the extremes of four lines (4C, EG, GH, 
CD) be equal to the reQangle (EH) under the 
means, theſe lines are proportional. For, in the 
firſt caſe, ſince angle C=G *, and AC : EG 
:: GH: CD», AD EH; and, in the ſecond 
caſe, fince AD=FH and angle C=G, AC: EG 
:: GH: CD4.—Hence, . | 


Co. 3. If three lines be continually propor- 
tional, the rectangle under the extremes is equal 
to the ſquare of the mean; and if the rectangle 
under the extremes of three lines be equal to the 
ſquare of the mean, theſe lines are continually 


proportional. | 
a Ax.9.1. dHyp, © Party. 4 Part a. 
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THEOREM m. 


TF a line (aB) de parallel to any fide 

(CE) of a triangle (CDE); it cuts the 
other ſides. (CD, ED) or thoſe fides pro- 
duced proportionally. — And, if a line (AB) 
cat two ſides (CD, ED) of any triangle 
(CDE) or thoſe fides produced, propor- 
tionally ; that line is. parallel to che re- 


mining” fide (CE). , 9b, 99). 
Din AE, BC. 


Part I. TrrancLE ABC ABE*, There- 
fore ABC: ADB :: ABE: ADB®, But ABC 


: ADB :: AC: AD and eee 


BD e. Therefore AC : AD : : BE: BD*;, 
whence alſo, AD : BD: * abe 
ta Odo ED, &c. © T5 


PaR r II. Triangle ABC: ADB :: AC: AD 
and ABE: ADB :: BE: BD<. But AC: AD 
: BE : BD f. Therefore ABC: ADB : : ABE. 
ADB a, and, conſequently, ABC=ABE f, 
Ther 1 ABi is parallel to CE ®, | 


Co. Is any number of parallel lines (AB, 
CD, EF) cut any number of other lines (GE, 


a Cor. 4. 2. 2. b Ax. 7. 4. ex. f. a Ax. 6. 4. 3. 4. 
"Hyp. 5 Cor, 1. 3. 4. * Cor, 14 
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$5 
GH, GI, GF) proceeding from a point (G) they 
cut them proportionally (ioo). For, taking any 


two lines, EG, HG, we have EG: HG: : EC 
+ HL;; CG: LG:: CA: LK :: AG: KG.. 


THEOREM Iv. 


: PF two triangler (ABC, DEF) be mutu- 


ally equiangular, or have three angles 
(A, B, C) of the one reſpectively equal to 
three angles (D, E, F) of the other; the 
the ſides (AB, AC, DE, DF) containing 


| oppoſite equal angles (A, D) ate propor- 


tional, provided thoſe which are oppoſite 


equal angles be made the antecedents and 


conſequents. — And if, of two triangles 


(ABC, DEF) the ſides, containing all the 


angles be reſpectively proportional (AB: AC 


:: DE: DF; &c.) the triangles are mu- 


tually equiangular ; and the equal angles 
are thoſe which are oppoſite the antece- 
dents or the conſequents — (lor, 102). 


Pike I. Ir AB DE, Ac De; and, con- 
ſequently, AB: AC:: DE: DF. —If AB, DE 
be unequal, let AB be the greater; take AG 


DE, and draw GH parallel to BC. Then (be- 


a Part 1. | b F. 1. © Ax. 7. 4. 


„„ 


W Sr THEY 


cauſe angle A=D *, angle AGH=B®=EF >, and 


AG=DE®) AH=DF". Hence, DE :DF:; AG 
fr pbb AB: ACf; ; ee _ AB : DE 


r AC: DF. 


Pau I. If AB=DF, then n (becauſe AB: AC 
: DE: DF and AB: BC :: DE: EF*) AC 
=DF and BC=EF* and, ane angle 
A=D, BE, and C=F>, If AB, DE be un- 
equal, let AB be the greater; ſo will AC alſo ex- 


ceed DF 8. Take AG=DE, AH DF, and draw _ 
3 Then (becauſe AB : AC: : DE : DF* 


: AG: AH) GH is parallel to BCf. There- 
Fong in triangles ABC, AGH (angle B being 


=AGH and C= AHG s) we have AG: GH 
:: AB: BC I:: DE: EF*. But AG DE e. 


Conſequently GH=EF*. Whence, angle D 
A, 2 and F=AHG=C". | 


Dok, e eee Tow SO Os 4 
GF) proceeding from a point (G) cut any num- 


ber of parallel lines (AB, CD, EF) they cut them 


proportionally (100). „ any two lines 


AB, CD (becauſe triangles AGB, CGD, as alſo 


AGK, CGL, are mutually equiangular b) we have 
AB : AG:: CD: CG and AG: AK: : CG 
: CLi; conſequently AB: AK: : CD: CL X.— 


In the fame manner AB : AM : :: CD: 8 | 


Hence AK : AB: CL. CD and AM : AB : 


a Hyp. b Cor. 2. 3.1 I. 0 — d Cor. 5.1. e Ax. 7. 4. 
7 3. 5. 8 Cor. 1. 3. 4. h II. 1. 4 Part I, k 5. 4. 
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ND; hence again, KM: AB:: LN 
: CD®; and, conſequently, AB: KM: :CD 
{LN *.—Alſfo, becauſe AB: AM:: CD : CN, 


(disjunctiy) MB: AB:: ND: CD, -whence AB 
: MB : : CD: ND. — Therefore AB: AK:: 


CD : CL, AB: KM:: CD: LN, and AB : MB 


: CD: ND; from Which we derive, AB: CD 
1: AK: CL: :KM 11 Fo : NB « ND <: | 


THEOREM V. 


P* two triangles (ABC, Dry) have one 
2 (AYin the one, equal to one an- 

le. (D) in the other, and the ſides (AB, 
AC, DE, DF). containing thoſe angles pro- 
portional; the triangles are mutually equi- 
angular, and the equal angles are thoſe 


- - which are oppoſite A or the 


conſequents rr, 102). 


1 AB=DE, then (becauſe AB. AC . DE 


DF.) AC=DF4; and, conſequently, angle B 
E, and CF If AB, DF, de unequal, let 
AB be the greater; ſo will AC alſo exceed DF 9. 
Take AG=DE, AH=DF, and join GH. Then 


(becauſe AB: AC:: DE. DFF AG: AH) 


H is parallel to BC N conſequently, angle B= 
AGH E=, and C=AHG F. 


a3. 4. b . 4. © Ax. 6. 4. d Cor. I, 3. 4+ © I. 1. | 


f Hyp. 5 Ax. 7. 4. h 3. 5. i Cor. 2. 3. 1. 


5 
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THEOREM VI. 


FP two triangles (ABC, DEF) bays one 
* angle (A) in the one equal to one an- 
gle (D) in the other, and the ſides (AB, 
BC, DE, EF) containing two other angles 
(B, E) proportional; the triangles are 
mutually equiangular, provided the remain- 
ing angles (C, F) be either both acute or 
both obtuſe ; and the equal angles are 
thoſe which are oppoſite the antecedents 
or the conſequents>—{(101, 102). 
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Ir AB=DE, then (becauſe AB: BC: : DE 
: EF*) BC=EF® z and, conſequently, angle B 
=E and C=F<.—If AB, DE, be unequal, let 
AB be the greater; take AG=DE, and draw 
GH parallel to BC. Then (angle AGH being 
=B — AHG=C*) we have AG: GH:: AB 
: BCS :: DE: EF“. But AG=DEEF. Conſe- 
quently GH=EF". d». Whence (angle A being 
=D®* and angles AHG, DFE, both acute or 
both obtuſe, becauſe angle AHG=C*) we have 
angle E=AGH=B, and F= AHG=C<., : 


WW wm” aww VO FF Www. Dx 
g » 


Con. Is the hypothenuſes and two other ſides 
of two right-angled triangles be proportional, 
the triangles are mutually equiangular. 


* Hyp. ., d Cor. 2. 3. 1. e 4. 3. * Coat 
G | 


"a, 
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A Perpendicular (BD) drawn from the 
right angle (B) to the bypothenuſe 
(AC) of a hi AE triangle (ABC) is 
a mean-proportional between the ſegments 
(AD, DC) of the hypothenuſe ; and each 
- of the ſides containing the right angle is a 
mean- proportional between the adjoining 
| ſegment and the whole hypothenuſe.— 


(104) : . 


I triangles ABC, ABD, angle ABC ADB}, 
A is common, and C- ABD b. In triangles 
ABC, CBD, angle ABC CD B, C is common, 
and A=CBD®. Wherefore, alſo, in triangles 
ABD, CBD, angle ABD=C, A=CBD, and 
' ADB=CDB. Hence, in wintgles ABD, CBD, 
AD : BD : : BD: CD; in triangles ABC, ABD, 
AC: AB:: AB: AD; and, in CORES ABC, 
CBD, AC: BC: : BC: CD<. 


Con. A perpendicular (BD) drawn from any 
point in the circumference of a circle to the dia- 
meter, is a mean-proportional between the ſeg- 
ments of the diameter ; the ſquare of the perpen- 
dicular is equal to a rectangle under the two ſeg- 
ments of the diameter; and, if from that point 


* A. 9. 1. d Cor $. 4.1. 4. 5. 
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two chords be drawn to the extremities of the 
diameter, each chord will be a mean- proportional 
between the adjoining ſegment and the whole di- 
ameter; and the ſquare of each chord will be 
equal to a rectangle under the whole diameter 
and its adjoining ſegment *. BTL: 


THE ORE M vn. 
FF two triangles (ABC, DEF) be mu- 


tually equiangular (angle A=D, B 


E, and CF) they are to one another 
as the ſquares (AH, DK) of any two cor- 
reſponding ſides —{105, 106). : 


LET BM, EN, be perpendicular to AC, DF; 
and draw CG, FI.— Then, triangle ABC: ACG 
:: BM: AGD: : BM: AC e, and DEF: DFI 
:: EN: DIÞ® : : EN: DFe. But AC: AB:: DF 
DE, and (becauſe angle BAM=EDN ©, AMB 
=DNE f, and ABM=DEN *®) BM: AB:: EN 
DE 4, Therefore BM : AC:: EN: DFH; and, 
conſequently, triangle ABC : ACG : : DEF: 
DFI i, Whence, ABC: DEF ; : ACG: DFI * 
>: AH: DE®. 1 


Cor. Tur ſquares of four proportional lines 
are themſelves proportional.— For, if two equal 


© Cor. 5. 3. 3. and Cor. 3. 2. 5. Þ Cor. 1. 1. 5. © Ax. 7. 4. 
d4s. © Hyp. f Ax. 9. 1. ® Care $> 4+ To * 1. 4. 
t Ax. 6. 4. & 3. 4. 1 Cor. 1. 2. 4. 
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76 ELEMENTS 0 2 * 
angles, ABC, DEF, be formed (105, 106) and 
BA, BC, ED, EF, be taken reſpectively equal 
to the given proportionals; then, AC, DF being 
drawn, the triangles ABC, DEF will be mutually 
e£quiangular*; and, therefore, we ſhall have BAſq. 
_ « EDfq. : : triangle ABC: triangle DEF : : BCſq. 
- z EFfq. >; and, of conſequence, BAſq. : BCſq. 
28 EDſq. . EFlq. 8. | 


THEOREM IX. 


. ſtraight-lined figures (ABCDF, 

FGHIK) baving all the angles (A, B, 
C, D, E) of the one reſpectively equal 
to all the angles (F, G, H, I, K) of the lir 
other, and the ſides about or oppoſite all of 


the equal angles reſpectively proportional 8 
(AB: AE: : FG: FK, &c.) are to one * 
another as the ſquares of their correſpond- N 
ing ſides (AB, FG) —(107, re). 
| From any two 255 angles, B, G, draw BE, BD, th 
GK, Gl, dividing the given figures into triangles. (1 
| ed 
THEN, becauſe angle A=F and AB: AE pe 


:: FG: FK, triangles ABE, FG K, are mutually oh 
equiangular © —Becauſe angle AED=FKI*, and 9 
AEB FK G“, angle BED=GKLf ; and, becauſe ; 
DE: EA: IK: Ke, and BE : EA : : GK 7 


1 5. b 8. 3. . 4. 4 f. J. *Hyp. tax 3. 1. 5 
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: KF, DE: BE:: IK : GK b; therefore, tri- 
angles BED, GKl, are alſo mutually equiangu- 
lar *.—And, in a ſimilar manner, it appears that 
, triangles BDC, GIH, are mutually equiangular. 
Hence, we have triangle ABE: FGK (:: BEſq. 
1 : : BED : GEI (:: BDfq. : Glfq.) 

: BDC: GIH ©. Therefore (by adding ante- 


cedcnts and conſequents) ABCDE : FGHIK 


ABE: r : ABſq.: FGſq. 5. 


Co R. 1. S1MILAR ftraight-lined figures are to 
one another as the ſquares of their correſponding 
diagonals (BE, GK) — For (as above) ABCDE 
: FGHIK : : ABE: FGK : : BEfq. : GE1q. 


Cor. 2. The ſum of all the fides of any ſtraight- 
lined figure, or its perimeter, is to the perimeter 
of a ſimilar figure, as their correſponding ſides or 
diagonals, For AB, BC, CD, DE, EA, and FG, 

GH, HI, IK, KF, being ordinately proportional*, 

we have AB+BC+CD+DE+EA : FG+GH+- 
HIHE+EF : AB: FGf :: BE: GK *. 


CoR. 3. If, on the firſt and 10 5 and alſo on 


the third and fourth, of four proportional lines. 


(AB, CD, EF, GH) ſimilar figures be conſtruct- 


ed (the given proportionals being made correſ-— 


ponding ſides) theſe figures are likewiſe propor- 
tional (109, 110, 111, 112).-For ABI: CDR 
: : ABſq. : CDſq. :: EFſq. : GHſq.i : : EM 
: GO". 5 

a 6. 6. b . 4. . , o's: ld ORE 5.4 
8 3. 4. h 9. 5. 1 Cor. 8. 5. 
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18 ELEMENTS oy $ 5. 
Cox. 4. Similar ſtraight-lined figures (ABI, 
CDE) are to one another in the duplicate ratio 
of their correſponding ſides (AB, CD).— For, 
let AB: CD:: CD: PQ* then, ABI: CDK 
_ 24 ABfq. : CDſq. d:: ABſq.: wot * PQ ©, 
AB: PQ*.—(109, 110). 


© Cor. 5. If Gmilar W loc figures (AE, 
AG, CH) be conſtructed upon the three ſides of 
any right-angled triangle (ABC) making thoſe 
three ſides correſponding fides of the figures, the 
figure upon the hypothenuſe (AC) will be equal 
to the ſum of the other two (113).— For ABſq. : 
ACſq.: : AG: AEd, and BCſq.: ACſq. : : 3 
: AE». Therefore ABfq.+BCfq. : ACſꝗ.: 
+CH : AE*. But ABſq.+BC1q. =AClq. J. "ag 
icquently ne 


THEOREM X. 


IR. circle, any two arches (AB, CD) 
are to one another as the angles they 
ſubtend at the center (AOB, COD), and 
as the ſectors they form (AO BA, COD C). 
—Alſo, any arch (AB) is to the whole 
circumference, as the angle it ſubtends at 
the center (AOB) is to four right angles, 
and as the ſector it forms ae. © is to 
the whole circle, —(1 14). 


4 Poſt. to Set. 4. b 9. 5. Cor. . and Ax. 7. 4 
4 1. 5. 1. 4. f 7. 2. f Ax. 10. 4. 


is GEOMET RT. 79 
LET the arches AB, CD, and the whole cir- 
cumference, conſiſt reſpectively of P (2), Q(3), 
and R (9) parts, all equal to one another“; ſo 
will lines drawn from the diviſions to the center 
(O) divide the angles AOB, COD, and the whole 
angular {pace at 6 (or 4 right angles) reſpective- 
ly into P (2), Q (3), and R (9) parts, all equal to 
one another d; and they will divide alſo the ſectors 
AOBA, CODC,” and the whole circle, refpec- 
tively into P (2), Q (3), and R (9) parts, all equal 
to one another Þ,— Hence we have AB; CD:: P 
Q, AOB: COD :: P: Q, and AOBA :CODC 
22 P: Q; alſo AB: circumf. ::P: R, AOB: 
4 right angles : : P: R, and AOBA :cirele: : P 
Re. Conſequently, AB: CD:: AOB : COD 
:: AOBA : CODC, and AB: circumf.:: AOB 
: 4 right angles : : AOBA : circle d. 
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Cor. 1. In equal circles, any two arches are to 
one another as the angles they ſubtend at 1 
center, and as the ſectors they form. 


. : 


Cor. 2. Any two arches, i in the ſame or r equal 
circles, are to one another as the angles they ſub- 
tend at the circumference. 


© Ax. 1. 4. b 2. 3. and Cor“. I, and 2. Ax. 2. 4. 
«4 Ax. 6. 4. | 
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5 
od 


1 H 20 R E * XI. 
ES tA bes (ACEA, GILG) 


of any two circles, are to one another 
as their radii or diameters.—(115, 1 16). 


Surpost the circumferences divided each 
into any the ſame number of equal parts, as in 
A, B, &c. and G, H, &c, Join thoſe points, 
and draw the radii AP, BP, &c. and GQ, HQ, 
&c.— Then, the triangles in both circles, being 
iſoſceles, and having the angles at the centers all 
cqual “, are mutually equiangular >; and we have 
chord AB : AP : : chord GH : GQ, chord BC 
: BP or AP: : chord HI: HQ or G, &c<. 
Hence, ſum of chords in circle ACE: AP: 
ſum of chords in circle GIL: GQ, and 3 


nately) ſum of chords in circle ACE : ſum of 


chords in circle GIL : : AP: GQ. But, if 
we ſuppoſe the ere nde divided each into 
an indefinitely great number of equal parts, *tis 
plain the ſum of the chords in each circle will 
be indefinitely nearly equal to the circumference. 
Hence it is ſufficiently manifeſt, that circumfe- 
rence ACEA: GILG : : AP: GQ, and conſe- 
quently alſo as the diameters f. 


a 10. 5. d Cor. 5. 4. 1., 6. I., and Ax. 3.1, 45. 
4 Cor. 1. 4. © 3:4. f Cor. 1. 2. 4. 
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Co. Ax two arches (AB, GH) — 
ing equal angles at the centers or at the circum- 
ference of any two cireles, are to one another as 


the radi, diameters, or circumferences of the 


circles. —For, AB: circumf. AcE A:: angle APB 
or GH: 4 right-angles:: GH: circumf. GILG“!. 
Conſequently, AB: GH : ; circumf. ACEA : eir- 
n. Ree ere. . 


| THEOREM XII. 
ANY two circles (ACE, GIL). are to 


one another as the ſquares of their 


radii, diameters, or circumferences. — — 
(115, 116), kt 


Tar ſame ſuppoſition and conſtruction being 
made as in Theor, XI. we have triangle ABP 

GHQ: : BCP : HIQf &c. whence, ſum 
of hinges! in circle ACE : ſum of triangles in 
circle GIL : : ABP: GHQ: : AP.: Gg. . 
But, if we ſuppoſe the circumferences divided 
each into an indefinitely great 'number of equal 


parts, 'tis plain the ſum of the triangles in each 


circle will be indefinitely nearly equal to the cir- 
cle. Hence 'tis ſufficiently manifeſt, that circle 
ACE: GIL: : APſq. : GQfq. and conſequently, 


1 b 3. 4. 11. f. d 1. 1. and Ax. 7. 4 7 2. 4. 
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2 ELEMENTS os 335. 
alſo, as the ſquares of the diameters or circumfe- 
rences 1 | 


Con. 1. Ax two ſectors (ABP, GHQ) con- 
tained under equal angles at the centers of any 
two circles, are to one another as the ſquares of 
the radii, diameters, or circumferences of the 
circles. —For, ſector ABP: circle ACE : : angle 
APB or GQH : 4 right angles: : ſector GHQ : 
circle GIL ». Conſequently, ſector ABP: ſector 
GHQ: : circle ACE : circle GIL“: APſq. 
: GQſq. 5 3 


Cor. 2. A circle having the hypothenuſe of a 
right - angled triangle for its radius or diameter, is 
equal to the ſum of two circles having the other 
ſides for radii or diameters. The demonſtration 
is fimilar to that in Cor. 5. Theor: 9. 5. 


THEOREM XIII. 


NY circle (ACE) is equal to half a 
rectangle under the radius and the 
| circumference. —(1 1 5). 


Tur n ABP, BCP, &c. being con- 
ſtructed as before, and a perpendicular, PR, 


drawn to AB, we have (becauſe the triangles are 


a Cor. 8. 5, d 10. 5. © 3.4. 412. 5, 


ty. Senner 3»; 


equal in every reſpectꝰ) ABP+BCP &c.=3 re&t. 
AB, PR, ＋ rect. BC, PR, &c. b rect. under 
PR and the ſum of Ns thoids AB, BC, &c. ©, 
But (as has been obſerved before) if we Wppoſs 
the circumference divided into an indefinitely 
great number of equal parts, tis plain the ſum of 
the triangles will be indefinitely nearly equal to 
the circle, the ſum of the chords will be indefinite- 


ly nearly equal to the circumference, and the per- 


pendicular PR will be indefinitely nearly equal to 
the radius. Hence. tis ſufficiently manifeſt, that 
the area of the circle is equal to half a rectangle 
under the radius and circumference. 


a 1. 1. b cor. 3. 2. 2. e Cor. 1. 5. 2. 


S EC- 


5 
t 
1 

7 
* 0 
15 
T4 
ug 
a. 

BE 

q * 

4 15 
45 

N 1 
** 
* 

C . 
1% 
1 

t A 
4 
* 
F 
«! 

: hl 

£5 
* 
* 
0 
74 
* 
$ 

N y 

% 
4 
1 
* 
* * 
bo 
HH 
$1 
Ty 
f 
1 
LA 
K. 

N AX 
Z 

*\ A 4 


ö _— 
4. 
_ « 
A 2 Is oe... + ed 
: —_ 
EW Bo iy. #2, A&W 


8 E. CTION VI. 
the Szerioxs of PLAN ZS. 


eee 


' LINE 3 is ſaid to be perpendicular to a 
plane, when it is perpendicular to all 
lines that can be drawn to it in the plane, 
Thus the line AB is ee, to the 


plane PQ (117). 


2. One plane is ſaid to be perpendicular to der, 


when all the lines that can be drawn in the 
one plane perpendicular to the line of ſection 
are perpendicular to the other plane. Thus 


the plane CD is perpendicular to the plane 


EF (128). 


3. Parallel planes are thoſe, which, though pro- 


duced infinitely every way, would never meet 
as EF, GH (125). 


4 4. A plane is ſaid to paſs by a line, when the line 


every where touches the plane. 'Thus the plane 
AD paſſes by the line PQ (123). 


5. A plane paſſing by two or more lines, is ſaid 
to be the plane of thoſe lines. Thus AD is the 
plane of the lines PQ, RS (123). 


ELEMENTS or 46. 


46. GEOMETRY. 5% 


T. H. T. O R 41 M I. 
Tinxn Araight lines (AB, AC, BC) 


meeting one another, are in the ſame 


apr ens. 117). 


Concerve a plane, BDEC, paſting by BC 
revolve round BC till it touch the point A: then, 
becauſe AB, AC are ſtraight lines, and their ex- 


treme points in the plane, _ as ng as 1 
are in that plane“. W 
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Cos. Hence two RI ra (4B, AC) 


meeting or cutting one another, are in the ſame 
plane: 


THEO RE M „ 


N 
| 
| F two planes (aB, CD) cut one e 
the line of ſection (EF) is a . 

| line—(1 l De | 

Aaca bun- aha extreme e E, F, of the 
| line of ſection are in both planes, a ſtraight line 
| joining thoſe --points ' muſt be wholly in both 
| planes. But no line except the line of ſection 

can be wholly in both planes v. Therefore the 

b line of ſection, EF, is a ſtraight line. 
| 2 Def. 10. 1. b Def, 3. 1. 
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ELEMENTS ox $6. 
THEOREM III. 
FT to each'of two lines (CD, EF) cutting 


one another in a plane (PQ) a third 


line (AB) be perpendicular at the point of 
interſection, it is perpendicular tc to n Plane. 


ſe 16). 


Marz BC, BD, BE, BF, all equal Join AC, 
AD, AE, AF, CF, ED; through B, in the plane 
PQ, draw MN, meeting CF, ED, in M, N; and 
join AM, AN.—Then, 1. T riangles ABC, ABD, 
ABE, ABF, being right-angled at *, and har. 
ing BC=BD=BE=BF® and AB common, have 
AC, AD, AE, AF, all equal *. 2. Triangles CBF, 
EBD, having angle CBF=EBD a, BC=BD, ahd 


BE BF, have alſo CF=ED and angle BCM 


=BDN<. 3. Triangles CBM, DBN, having an- 
gle CBM=DBN*, angle BCM=BDN *, and 
BC BD b, have alſo BM= BN and CM DN. 
4. Triangles ACF, AED, having AC=AD, AF 


—AE, and CF=ED ©, have alſo angle ACM 


ADN. 5. Triangles ACM, ADN, having an- 
gle ACM=ADN, AC=AD, and CM=DN *, 
have alſo AM AN ©. 6. Triangles ABM, ABN, 


having Au AN, BM BN, and AB common, 


have alſo angle ABM = ABN S. Therefore AB 


2 Hyp. d Conf. © x, 1. « Cor. 5. 2. 1. e Dem. of 3. 6. 
6 Car. . 1. inn | | 


16. GEOME T R x. 87 


is perpendicular to MN *; and, in a fimilar man- 
ner it may be proved to be perpendicular to any 
other line drawn through B in the plane PQ.— 
Therefore AB i is RY to PQ®. 


THEOREM. IV. 

r to kack ef ref inch (CB, DB, EB) 
meeting or cutting one, another in a 
point (B) another line (AB) be perpendi- 


0 0 thoſe three lines (CB, DB, _ are 
in one and the m plane. 0 19). 


—— 


Ir you fag that any one of the lines, EB, is a- 
bove or below the plane, PQ, of the other two, 


CB, DB; let BF be the common ſection of P 


and the plane of AB, BE. Then, angle ABF A 
right angle Dangle ABE d; which is impoſlible ©; 
Fr EB is in the ſame Plane with CB, DBF. 


Cos. Ran CE, if one line be Hwa Mu to 
any number of lines meeting together, thoſe lines 
to which. it is perpendicular are all in one and the 
ſame plane. m 177700 Seien 

A Def. 7. I. b Def. I, 6, 2 6. d um T. 2425 1 1. 
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JF two lines (aB, co be 1 
to the ſame plane "OY, they are pa- 
rallel.— (120). 


In PQ,draw DE=AB and nn to 


BD, and join AD, AE, and BE. — Then, in 


triangles ADB, EDB (becauſe AB=DE *, BD 
common, and angle ABD=EDB ) AD=BE ty 
whence,.in triangles ADE, ABE, (becauſe AD 
BE 4d, DE=AB =, and AE common) angle ADE 


ABE *= a right angle f. ED is therefore per- 


pendicular to AD, as well as to BD and CD. 
Conſequently, cb being in the ſame plane with 
AD and BD, is in the ſame plane alſo with 
ABI. But AB, CD, are both perpendicular to 


_— . AB, CD, are 1 


Cox. 1. Fron He Hans point there can be 
drawn only one perpendicular to any plane; for 
all perpendiculars to the fame plane are paral- 
tet! ; but two parallel lines cannot nen from 


the ſame * * 


Con. 2. If one plane ( AD) be perpendicular 
to another plane (EH) a line perpendicular to the 
latter plane at any point (Q) in the line of ſection 


a Conf, d Conf. and Ax. 9. 1. 1. I. d Dem. of 5. 6. 
© 11. 1. f Hyp. and Def. 1. 6. s Conf. and Def. x. 6. 
h 4. 6. 1 1. 6. K Cor. 3. 3. 15. 6. * Def. 19. L. 

\ | | 


AW SDS Www &, 0 x1 FR”, Aly HRF*FY. 


(CD) muſt be in the former plane (122). For, 


if QP be drawn in AD perpendicular to CD, it 
is perpendicular to EH, and is the only line 
that can be drawn perpendicular to EH at the 


d. | 


THEOREM vi. 


JE two lines (AB, cb de 1 ag 
- one of them (AB) be perpendicular 
to a plane (PQ) the other (CD) is alſo 
perpendicular to the ſame plane—(120). 


1* PQ draw DE=AB and perpendicular to 
BD; and j Join AD, AE, and BE.—Then (as in 
Theor. 5.) in triangles ADB, EDB (becauſe 
AB=DE ©, BD common, and angle ABD 
EDB %) AD=BE*®: whence, in triangles ADE, 
ABE (becauſe AD=BE*f, DE=AB. and AE 
common} angle ADE. ABE*—a right angle b. 
ED, therefore, being perpendicular to AD and 


BD, is perpendicular to the plane of thoſe lines or 
of the given parallels, and conſequently perpen- 


dicular to CD i. But angle ABD+CDB=2'zight 
angles x. Conſequently (ABD being right!) CDB 
is a right angle ®. Therefore, ſince CD is per- 
pendicular to BD as well as to ED, it is perpen- 
dicular to PQ 3. 


2 Def. 2. 6. b Cor. I. 5. 8 © Conſ. d Conf, and Ax. 9. I. 
e 1. 1. f Dem. of 6. 6. 8 It. 1. h Hyp. and Def. 1. 6. 
d 3. 6. k Cor, 2 3. I, 1 Hyp. m Ax. 3, 1. . 
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THEOREM vn. 


_ two lines (AB, CD) be — to a 

third line (EF) they are parallel to one 
another, though they be not all in one and 
the ſame plane.— (121). 


"In the plane of AB, Ep, let MO be . 


cular to FF; and, in the plane of CD, EF, let 
NO be perpendicöbar to EF.— Then, becauſe EF 


is-perpendgicular to MO, NO., it is perpendicu- 


lar to the plane of thoſe lines ; and, becauſe 

AB, CD, are parallel to EF, they are alſo perpen- 

dicular to the ſame plane, and en pa- 
Adr to one another 4. | 


Y T.H EORE M VIII. 


I one plane (AD) paſs by a line (PO) 
which is perpendicular to another plane 

(EH), each of theſe planes is ,2 que 

lar to the other. —(122). 


Pax 1. In the plane AD, draw any line, 
RS, perpendicular to the line of ſection CD; fo 
is it parallel to PQ *, and, conſequently, perpen- 

2 Conf, b 3. 6. “ 6. 6. Tx, 6. Cor. 3. 3. 3. 


\ 
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dicular to the plane EH,. In the ſame manner, 
any other line that can be drawn in AD perpen- 
dicular to the line of ſection, is perpendicular to 
EH. Therefore AD is perpendicular to EH b. 


Pax r II. In the plane EH, from the point Q, 


draw Qf perpendicular to the line of ſection, 
CD. Then, becauſe Q is alſo perpendicular to 
PQ <, it is perpendicular to the plane AD 4, thoſe 
lines CD, PQ, being in AD. Therefore the plane 


EH, Ts by QT, is perpendicular to the 
plane AD<. 


Cor. Ir one hides be perpendicular to another, 
the latter plane is alſo perpendicular to the for- 
mer. 


wt 


THEORE M IX. 


Pravrs (AB, p to which the fine 
line (EF) is perpendicular, are parallel 
to one another —{123), 


Is you ſay that AB, CD, are not parallel, let 
them meet; and let their line of ſection be GH, 
to any point in which, O, draw EO, FO.—Then, 
in triangle FOE, angles E, F, are both right_an- 


gles f; which is impoſſible 5, Therefore AB is 


parallel to CD. 


2 6. 6. b Def. 2. e and Def. 2. 6. d 3. 6. © Part . 
f Hyp. and Def. 1. 6. 5 Cor. 2, 4. 1. b Ax, II. I. 
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1! iA ane 5A; 
4 $3 1 #S ++ : . 


enn 
T*. lines of ſection (AB, cb) made 


by one plane (AD) cutting two pa- 
rallel planes (EF, GH): are 1 


(1240. 


AB, CD, are in the "WP plane, Ab-; ; and de- 


ing alſo in parallel planes, EF, GH“, they can 
never meet d. Therefore they art parallel <. 


* Con. 1. PARALLEL lines (MN, PQ) termi- 


nated by two parallel planes (EF, GH) are equal; 
and the lines (MP, NQ) joining their extremes, 
are alſo equal and parallel. For MP, NQ (being 
lines of ſection in EF, GH, made by the plane of 
MN, PQ *) are parallel a; 3 therefore alſo, MN 


=PQ and MP NQ. 


Con. 2. Hence, all lines drawn from one of 
two parallel planes perpendicular to the other 
plane, are equal; becauſe thoſe lines are parallelf. 


. Cor. 3. If a line (MN) be perpendicular to 
one of two parallel planes (GH) it is alſo perpen- 
dicular to the other (EF). — For, if from the 
point, M, where it meets EF, any line whatever, 
MP, be drawn in EF, and PQ be perpendicular 


2 Hyp. b Def. 3. 6. Def. 19. 1. d 10. 6. © Cor. 2. 1. 2. 
1 5 6. e 
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© to GH; then (joining NQ) MP; NO, are parils 
jet*. Therefore MN. is perpendicular to MP 


conſequently, MN is perpendicular to EF ©, MP 


being any line whatever drawn in EF from the 
point M. The ſame 1 is allo manifeſt from "NO 
9+ Hence, ; 1 


Con. 4. If a ous (AD). be e to 
one of two parallel planes (GH) it is alſo perpen. 
dicular to the other (EF).—For, draw MN in AD 
and perpendicular to CD, it is perpendicular to 
GH, and conſequently — if to ps . 
Therefore: AD is adn to * % Cf 18) 


1 
1311. _ „ „ CF 4 +. . ? w © k 
* 


a eee XI. 


FF the legs (AB, AC) of one angle, 
=» (BAC) formed | in one plane, -be re- 
foes Mir to the legs (DE, DF) of 
another angle (EDF) formed in another 


plane; the angles are equal, and the planes 


in which they are en are parallel. — 
(125, 126). 10 Ai a Mn 


Pant I. Maxt AB=DE, AC=DF, —_ 9 
AD, BE, CF, BC, and EF (125). — Then (becauſe 
AB is equal and parallel to DE, and AC equal 
and parallel to DF) BE, CF, are each equal and 


a Cor. 1. 10. 6. b Cor. 4. 3. 1. Def. x. 6. d Def. 2. & 
© Cor. 3. 10. 6. f 8. 6. 
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parallel to AD *, and, therefore, equal and pa. 
rallel to one be d. Therefore BC EF; 


and, ms ee 2 alſo, AB=DE _ 


Par II. Let AG be perpendicular to the 
plane of DE, DF; and draw GH, Gl, reſpectively 
parallel to DE, DF (126).— Then (GH, Gl, be. 
ing reſpectively parallel to AB, AC b), AG, which 
is perpendicular to GH, Gl, is alſo perpendicular 
to AB, AC9, and, conſequently, to the plane of 
AB, AC*. Therefore (ſince AG is perpendicu- 
lar to the plane of AB, AC, and to the plane of 
DE, EF) theſe planes are parallel to one another*, 


THEOREM XII. 
] F two planes (AB, CD) cutting one an- 


other be both perpendicular to a third 


plane (EF), their line of ſection (GH) is 
een to the ame plane — — 
170. 


BRERCAUSE AB, CD, are both . to 
EF s, a line perpendicular to EF at the point H, 
un be in both thefe planes b, aud therefore 
muſt be their line of ſection, GH. el hoo 


2 3. 2. b 7.6. © 11. f. 4 Cor, 4.3.1. 3. 6. f 9. 6. 
S Hyp. n 


(6. 


9 My £ 
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THEOREM XIII. 


| Brig (AB, CD) cut by parallel planes 
(EF, GH, IK) a are cut proportion- 


ally —(129). ate, 


Draw MR, cutting GH in 8; and join Mp, 
NS, QS, OR.— Then (in the lugs of MO, MR) 
NS is parallel to OR* ; and (in the plane of MR, 
PR) Os is parallel to MP *. Therefore, in tri- 

angles MOR, MRP, we have MN : NO: 8 


: SR : : PQ: QR®. 


Cor. Any two lines (MO, MR) adi 


from a point, are cut proportionally by parallel 
planes. For MN: NO:: MS: SR4. 


THEOREM XIV. 


Ir from any two points (M, N)! in a line 

(AB) cutting a plane (XZ) whether 
theſe points be the ſame fide, or on op- 
polite ſides of the plane, two lines (MP, 
NO be drawn perpendicular to the plane; 
aline (PQ) paſling through, the points (P, 
Q) in which theſe perpendiculars meet the 


® 10. 6. d 3.5. 


7 


Aa 
7 


— 
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ns —— 


plane, will paſs through the point, O, in 
Which the firſt· mentioned we NW) cuts 


dhe dee 


-Becauvsz Mp, N, are perpendicular to xz, 
they are parallel to one another and in one planes, 
Therefore AB, PQ, are in one plane d. But, 
ſince AB cuts XZ, it cannot be parallel to any 
Une, PO, in XZ e. | Conſequently AB, PQ, muſt 
een NT, rs 
manifeſt, their point of interſection muſt be that 

one (O) in which AB cuts XZ. 


3 8 CoR. 1. Is, i in the plane XZ, from the points 
P, Q, two parallels, PR, O8, be drawn, ſuch that 
- PR: 8 :: MP: N (PR, - QS, being on the 


2 2 _ Gme or different ſides of PQ, according as MP, 


[4 
: 


| 
: 


SO 003 


a 25-6-pud Det. 25 19/43, © Del, 5. 1. © Hyp 
499 104 5 1 * I, | 


8 NN, are on the ſame or different ſides of XZ), 
4 then, a line paſſing through t the Points R, 8, will 
alſo paſs through the point, O, in which AB 
cuts the plane XZ. Drab RO „SO. Then (be- 
f cauſe of parallels) OP: O MP: NA: PR 
: QS*, whence OP: PR:: O: QSf. There-“ 

fore (angle OPR being equal OS s) angle POR 
—=QOS*®; and, conſequently, OR, a make one 


: l line 1. | Bad <th 4) #1 
Con. 2. Because of parts de have alſo, ON 
INM: OQ : QP:: :-0S-: SR, OM : ON : 
 QE;: 0; 5 082 GG G Ke. jo 
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THEOREM XV. 

F* from the angular points (A, B) of 

two equal angles (CAD, EBF) two 
lines (AG, BH) be drawn out of — 
planes of thoſe angles, making with the 
legs of the ſame angles, two angles reſpec- 
tively equal to two (GAC=HBE, and 
GAD=HBF), thoſe two lines (AG, BH): 
are to one another as two lines (GI, HK) 


drawn from their extreme points perpen- 


dicular to the planes of the inſt-mentioned 
angles—(131, 132, 133). 
Cass 1. WAREN AG, BH, are 4 em 
133). An the planes GAC, GAD, HBE, HBF, 
draw GL, GM, HN, HO, perpendicular to AG, 
BH, and meeting AC, AD, BE, BF, in L, M, N, 
O; draw AI, BK, and LM, NO, mecting al, 
BK (produced) in P, Q; and join GP, H 
Then, in triangles AGL, BHN (angle G Iz 
being=HBN *, angle AGL=BHN", and AG 
=BH *) we have AL=BN®. In a ſimilar man- 
ner, in triangles AGM, BHO, we have AM= 
BO. Hence, in triangles ALM, BNO (angle 
LAM being NBO) we have angle ALP 
BNA. — But (becauſe AG is perpendicular to 
GL and GM) AG, and, conſequently, the plane 
AGP paſſing by it, is perpendicular to the plane 
a Hyp. b Conſ. and Ax. 9. 1. Cor. 5. 1. 61.10 


* 
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LGM*: and (becauſe GI is perpendicular to the 
plane LAM) the plane AGP is alſo perpendicu- 
lar to the plane LAM d. Therefore, the planes 
LGM. LAM, being both perpendicular to the 
plane AGP*<, their line of ſection, LM, is per- 
pendicular wy the ſame pike d, and, conſequent- 
ly, perpendicular to AP. In the fame manner, 
NO is perpendicular to BQ. Therefore angle 
APL=BQON f. But it has been proved that angle 
ALP=BNQ and AL=BN. Conſequently, in tri- 
angles APL, BON, AP BQ. Now, AG, being 
perpendicular to both GL and GM, in the plane 
LGM, it is alſo perpendicular to Gps, and, in like 
manner, BH is perpendicular to HQ. Therefore, 
in triangles AGP, BHQ, (AP being BQ, AG= 
BH, and angles AGP, BHQ, 8 angles) we 
have angle GAP=HBQ i ; whence, in triangles 
GAIL, HBK, (angle GAI being HBK and angle 
GIA=HKB *) we have AG: BH : : GI: HK+. 


* Cass 2. When AG, BH, are unequal (132, 
133). —In the greater, AG, take AR=BH ; 
draw Al, and alſo RS parallel to GI, and, conſe- 
quently, perpendicular to the plane of CAD.. 
Then (by Caſe 1.) AR: BH: RS HK. There- 
fore BH : HK: : AR: RS®:: AG: GI"; and, 
conſequently, AG: BH: : GI: HK v. 


Con. HeNce the two perpendiculare (GI, HK) 
3 equal angles with the lines (AG, BH) drawn 
from the angular points (A, B) and alſo ſubtend 
equal angles at thoſe points. . 

2 f. and 8. 7. b 8. 7. © Cor. 8. 7. d 12. 5. e Def. I. 7. 


f Ax. 9. 1. 5 Cor. 5. 1. h 3. 7. iCor,1% 1. K 4. 5. 
16. 6. m 3. 4. Q 3. 5. l | 
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SECTION vil. 


Se 


DEFINITIONS. 
PRISM (AD, 134) is a ſolid which 
may be conceived to be formed by any 
ſtraight-lined plane ſurface (CD) moving from 
the plane of that ſurface in ſtraight lines (CA, 
GE, HF, DB, KI) and in a poſition always 
parallel to that plane.—Hence, the fides of a 
priſm are parallelograms equal in number to 
the ſides of the baſe; and the top, as well as 
every ſection (PQ) of a priſm made by a plane 
parallel to the baſe, is equal and ene to the 
baſe (CD). | 


2. A parallelopipedon 3 is a 1 of which the ge⸗ 
nerating ſurface is a parallelogram ; as AD 
(135).—Hence, the ends, as well as fides of a 
Et Senn are e r * 4 


. 


-* 


W 


3. A cube is a priſm, of which the ee ſur- 
face is a ſquare, and the ſides alſo ſquares; as 
Abd (136).—Heace, the ends, as well as ſides of 
of a cube, are ſquares; and the des: are per- 
pendicular to the ends. MATT =f1 
| L 2 1 


4. A cylinder (ab, dd is a ſolid which may be 
conceived to be formed by any circle (CD) 
moving from the plane of that circle in ſtraight 

lines (CA, DB) and in a poſition always pa- 
rallel to that plane. Hence, the top, as well as 
every ſection of a cylinder parallel to the baſe, 
is a circle equal to the baſe. The axis of a cy- 
linder is a ſtraight line joining the centers of 
the top and baſe, as EF. 2 


5. A umi (ABD, 138) is a ſolid which may 
| be conceived to be deſcribed by the motion of 
a ſtraight line (AB) round the ſides of any 
© "Rraight-lined plane ſurface” (BD) one extre- 


„ mity (A) of | the line remaining fixed. — 


Hence, the fides of a pyramid are triangles 
equal in number to the fides of the baſe. 


& A. cone (ydl, 139) is 2 ſolid which may be 
- conceived to be deſcribed by the motion of a 
-. ſtraight line (FG) round the circumference of 
a circle (GI) one extremity (F) of the line 
remaining fixed. — The axis of a cone is a 
ſtraight line joining the vertex or top of the 

cone, and the center of the baſe, as FK. 


7. A ſphere or globe (AB, 140) is a ſolid which 
may be conceived to be formed by the revolu- 
tion of a ſemi-circle (CBD) round its diameter 

(CD) which remains fixed. The center of the 
ſphere, O, is that of thecirele; whence 'tis 
© manifeſt, that all lines drawn from the cen- 
ter to the ſurface of a ſphere (called radii of 


the ſphere) as well as all lines paſſing through 


r 


mw I 
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the center and terminated both ways by the 
ſurface (called diameters of the ſphere) are 
equal. Tis alſo manifeſt, that all ſections of a 
ſphere 1 made by a plane are circles; and that 
any ſuch ſection paſſing through the center, 
divides the ſphere into two equal parts or of 


miſſ pher es. i 


8. The altitude of a Ne 3 l or 


cone, is a perpendicular let fall from the top 
upon the plane of the baſe. 


K X. GN. 


ee folids (134, 1353 or 138, 141) hav- 
J ing the ſame altitude, have alſo, at all equal 
altitudes, their ſections (PQ, RS; or PR, TU) 
made by planes parallel to the baſes equal, the 
ous themſelves are Equal. 


TRE II. 6 


THEOREM I 


P RIS Ms and eylinders baving ound 
baſes and equal altitudes, are 7 


ſelves equal —(1 34, 135, 137). 


Tux propoſed. ſolids, having the ame alti- 
tude *; and having their ſections at all equal alti- 
tudes parallel to the baſes, alſo equal®, are them- 
ſelves equal ©. 

a Hyp. b Def*, 1. and 4. of 5, © Ax, to 7. 
I 3 
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11 


Te H E 0 R E M n. 
mms an efindlets; lering en al 


titudes, are to one another as their 
baſes; and, having equal baſes, are to 
one another as their eee nk 34, 13 5, 


137). 


bar I. Ls r any two baſes conſiſt reſpective- 


ly of M, N parts, all equal to one another *: then, 
in the formation of the ſolids, tis manifeſt, theſe 
equal parts of the baſes form in the given ſo- 
lids reſpectively, M, N ſolids or parts o, which 
parts (if their altitudes be equal) are all cqual to 
one another ©, Conſequently, in this caſe, the 
given ſolids are to one another as their baſes d. 


Part II. Let any two of the altitudes conſiſt 
reſpectively of M, N, parts or altitudes, all equal 
to one another d; then, if, by ſections parallel to 
the baſes, we conceive the given ſolids cut at thoſe 
equal altitudes, the given ſolids will thus be di- 


vided reſpectively into M, N parts, which parts 
(if the baſes be equal) ' muſt be all tqual to one 


another. Conſequently, in this caſe, the given 
ſolids arte to one another as aner altitudes. | 


* Det. x. 7. c x. 7. 4 A. . 
©$.7. * Ax". 3. and 6, of & 
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Con. 1. Hexce priſms, having equal altitudes 
and ſimilar baſes, are to one another as the ſquares 
of the correſponding fides or diagonals of their 
baſes : and cylinders, having equal altitudes, are 

to one another as the ſquares of the radii, dia- 
meters, or circumferences of their baſes b. 


Cor. 2. Equal priſms or cylinders, having equal 
altitudes, have equal baſes; and, having equal 
baſes, have equal altitudes. 


H EQ R £ III. 


Praun having equal baſes and 
equal e are equal. —0 138, 


141). 


Lz r PR, TU, be ſections of the pyramids pa- 
rallel to the bafes, and at any equal altitudes, KM, 
LN.—Then, in the pyramid ABD, becauſe PR 
is parallel to BD, PS is parallel to BC, PQ to BE 
&c. © conſequently angle SPQ=CBE, PQR= 
BED, &c. 4: and (becauſe of parallels in triangles 
APS, ABC; APQ, ABE; AQR, AED; &c.) PS 
BC (:: AP: AB) :: PQ : BE (: : AQ: AE) 

: : QR: ED &c. Therefore PR, BD, are fimi- 


a 9. 3. b 12. 5. e 10. 6. 4 1. 6. e 4. f. 
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lar. Hence (drawing PM, BK; which, being in 
the planes of PR, BD, muſt be perpendicular to 


PR : BD : : PSfq. : BCſq. :: AP q.: ABfq. 
12 AMfa: : AKſq. 4, In the ſame manner, in _— 
n FGI (drawing TN, GL) TU: GI: 
FNſq. : FLiq. But AMſq.: AKiq. : : FNfg, 
FLG. Therefore PR : BD: TU : GIF. But 
BD=GI5. Therefore PRT Ul. er 
pyr. ABD=pyr. FGI i. | 


Cor. 1. Any cone is equal to a pyramid of an 
equal baſe and altitude. For, if the baſe of the 
cone be conceived to confiſt of an indefinitely 
great number of equal parts, and a ftraight-lined 


ſurface be formed by joining the ſeveral diviſions, 


*tis manifeſt the motion of a line round that fi- 
gure, while the other extremity remained fixed at 
the vertex of the cone, would deſcribe a pyramid 
indefinitely nearly equal to the cone, and equal 
to any other pyramid of an equal baſe and altitude 
with itſelf * ; whence tis ſufficiently manifeſt, that 
the cone muſt alſo be equal to any pyramid of an 
equal baſe and altitude with itſelf.” 


Cor. 2. Any two cones, having equal baſes and 
equal altitudes, are equal to one another ; being 


each equal to a N of the ſame bale and alti- 


rude ; 


AC eaters e © 9. 5. 
5. A. 7.4. f Ax 6. 4. 5 Hyp. h Cor. 1. 3. 4. 
i Ax. ta 7. * 3. 7. 1 Cor. 1. 3. 7. . 


AK *, and conſequently parallel to one another b) 


. © 


BB OOO . „„ „ rio 
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Con. 3. From the demonſtration of the The- 
orem and Cor. 1. it appears, that, in a pyramid, 
any ſection parallel to the baſe is ſimilar to the 


baſe; ene W ne 
circle. 


THEOREM IV. 


A” priſm is equal to thrice a pyramid 
of the ſame baſe and altitude. 


I. Ir the priſm have a triangular baſe, as CE 
(142), draw the diagonals AE, AF, and BF.— 
Then, a plane paſſing by AE and AF, will cut off 
a triangular pyramid, ADEF ; and another plane 
paſſing by AF and BF, will divide the remainder 
of the priſm into two other triangular pyramids, 
ACFB and ABEF. Now, the pyramids ACFB 
and ABEF, having equal baſes, CFB, BEF a, and 
the ſame altitude (their baſes being in the thine 


plane, and their vertices meeting in the ſame point, 


A) are equal to one another d; and the pyramids 
ADEF, ACFB, having equal baſes, DEF, ABC*<, 
and equal altitudes, are alſo equal to one another®, 
Therefore, the priſm CE conſiſts of three triangu- 
lar pyramids, ADEF, ACFB, and ABEF, which 
are equal to one another, and, conſequently, is 
equal to thrice one of them, ADEF, or to any 
other triangular pyramid having the ſame or an 
equal baſe and altitude d. 
® Cor. 1. 1. 2. b 3.7. © Def. x. 7. d Cor. 2. 10. 6. 
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II. If the priſm have not a triangular baſe, as 
- GH (143) yet 'tis manifeſt that it conſiſts of ag 
many triangular priſms GO, IH, as the baſe con- 
tainstriangles (MNO, ONH) formed by diagonals; 
and 'tis alſo manifeſt, that a pyramid POR (144) 


of the ſame (or an equal and fimilar) baſe and alti. 


tude conſiſts of the ſame number of triangular 

- pyramids, POST, PRST, having baſes reſpective- 
ly equal to the balls of the correſponding priſms, 

and equal altitudes. Therefore each priſm is 

(by the preceding part) thrice the correſponding 

pyramid; and, conſequently, the whole priſm GH 
is thrice the whole pyramid PQR. 


_ Cor. 1. Hence, every priſm or cylinder is 
equal to thrice a pyramid or cone of an equal baſe 
and altitude; every cylinder being equal to a 
priſm of the ſame baſe and altitude , which priſm 
is equal to thrice a pyramid, and, conſequently, 
to thrice a cone, of the ſame bafe and altitude 


Con. 2. Hence alſo, pyramids or cones, having 
equal altitudes, are to one another as their baſes; 


and, having equal baſes, are to one another as 


their altitudes ; becauſe their equimultiples are in 
that ratio ©. 


Cor. 3. Hence, equal pyramids or cones, hav- 
ing equal altitudes, have equal baſes; and, having 
equal baſes, have equal altitudes” 


Con. 4. Pyramids, having equal altitudes and 
fimilar baſes, are to one another as the ſquares of 
* I. 7. b 4.7. and Cor. 2. 3. 7. © 2. 7. 
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the correſponding ſides or diagonals of their 


baſes; and cones, having equal altitudes, are to 


one another as the ſquares of the radii, diameters, 


or circumferences, of their baſes; becauſe their 


baſes are in that ratio 


THEOREM v. 
PRI5Ms and cylinders, as alſo pyramids 


and cones, having their baſes and al- 


| titudes reciprocally proportional, are equal. 


LE the priſms ARD, AHD (134, 136) have 


IF GD: baſe CD : : alt. of AHD: alt. of AK D. 


Let: AK have the greater altitude; in which, let 
PKD be a priſm, having the ſame altitude as 
AHD. — Then, PKD: AHD: : GD : CD 
: : alt. of AHD : alt. of AKD<e : ; alt. of PED : 
alt. of AED* : : PKD: AEDÞd. Therefore AED 
=AHD*®.—In the ſame manner, it will appear, 
that any two cylinders, or any priſm and cylinder, 
having their baſes and altitudes. reciprocally pro- 


portional, are equal.—Therefore alſo, their like 


aliquot parts, Rm. or cones f, muſt allo be 
equal *, 


Fe 1 7. 668 0 © Cor. I. 3. 4 
14. 7. 5 Ax. 3:1. 
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THEOREM VI. 


Evrxx ſphere is two thirds of a cylin- 
der having the ſame altitude and dia- 
meter as the ſphere. 


Lr ABC be the half of any TH cut off by 
2 plane paſſing by a diameter AC (145). Let OB 
be a radius perpendicular to the ſection or cir- 
cle APCQ, which circle conceive to move along 
OB, always perpendicular thereto, till the point 
O arrive at B: ſo will a cylinder ADEC be form- 
ed, having the ſame altitude and diameter as the 
hemiſphere. Let OE be joined; and, from any 
point, P, in OB, let FG be perpendicular to OB, 
meeting OE in H, BC in I, and EC in G: alſo, 
let Ol be joined.— ben, becauſe angle FHO 
© BEO*=FOH®, FO FH; alſo OI=OC= 
FG. Hence, a circle deſeribed with the radius 
FO (or FH) is equal to the difference of the two 
circles deſeribed with the radii FI and Ol (or FG). 
Now, if we conceive OE to move round the cir- 
cle DRES, the extremity, O, remainingfixed, it will 
_ deſcribe a cone ODE; and if FG be conceived to 
-move round OB, always perpendicular thereto, it 
will deſcribe circular ſections of the cone, hemi- 
ſphere, and cylinder, with FH, FI, FG, all at 
the ſame altitude reſpeCtively, and parallel to the 


2 Cor. 2. 3. 2. d6.x. © Hyp. d Cor. 2. 22. 5. 


- 


„„ 


6 
1 
d 
Cc) 
C) 
tl 
fa 
tl 
It 
0¹ 
m 
1 
th 
al 

ar 

m 

re 


, 
* 
. 
* 
7 
[ 
* 
* 
* 
Li 
% 
\ 
% 
* 
. f 
p . 
F 
* 
. * 
« | , — ——— —— — — — — —— ——— — 
| ” - * — _— — 
„ { | 
*% | 
7 - 
a. 1 * / \ 
* 
4 . 
- - 
CREE „ 
„ „% ( S * * 0 1 — 
U 
* * 
— 
vu 1 ; WY — —äE ͤu—ͤ—ä—ͤ— 2 — ng} 7 AP a Ae SS y waa w__ ne eq” * PPP ewe AST. Arn 4 Ar Ae. 


baſe DRES. But (as has been already proved) 
a circle deſcribed with FH, is equal to the diffe- 
rence of the two circles deſcribed with FF, FG. 
Therefore the ſection of the cone is equal to the 
difference of the ſections of the hemiſphere and 
cylinder, or to the ſection of the exceſs of the 
cylinder above the hemiſphere, made by IG: and 
theſe two ſections being thus equal at every the 
ſame altitude, the ſolids themſelves are cqual * 
that is, the cone is equal to the exceſs of the cy- 
linder above the hemiſphere. But the cone is 
one third of the cylinder d, conſequently, the he- 
miſphere ABC is two thirds of the cylinder ADEC. 
Therefore the whole ſphere is two thirds of twice 
that cylinder, or 'of a cylinder having the ſame 
altitude and diameter as the ſphere ©. 


Cor. HENCE, a cone, hemiſphere or ſphere, 
and cylinder, having the ſame altitude and dia- 


meter, are to one another as the numbers I, 2, 3s 
| eee. 


a Ax. to 7. b Cor. 1. 4. 7. c Cor, I. 2. 4. 
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8 and cylinders, as alſo pyramids 
and cones, having their baſes to one 
another as the ſquares of their altitudes, 
are themſelves to one another in the tripli- 
cate ratio of their altitudes, or as the cubes 
of their altitudes; that is, as cubes having 
their dimenſions equal to the altitudes of 
the given ſolids: Alſo, all ſpheres are to 
one another in the triplicate ratio of their 
diameters or radii, or as the cubes of their 
diameters or radi. 


LET ABCD, EFCH (146, 147) repreſent two 
priſms, having baſe CD : baſe GH : : alt. Alſq. 
: alt. ERſq.;z let Al: EK: Q: R; and let 
LMNO (148) be another priſm having its baſe 
NO C, and altitude LP=R.—Then, CD: 
GH: : Alſq : EKſq.*: : EKſq.: Qſq. b:: EK 
: Re. Therefore NO: GH:: EK : LPGd; and 
conſcquently, EFGH = LMNO<; whence, ABCD 
: EFGH : : ABCD: LMNOd: : Al: LP or Rf. 
— Put, the cubes of AI, EK (having their baſes, 
Alfſq., EKfq, to one another as the ſquares of 
their altitudes Al, EK) are (by what has been juſt 


2 Hyp. b Cor. 8.5, Cor. 4. 9. . d Ax. 7. 4. 
e £$. 7. f 4. 7 
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proved) to one another in the triplicate ratio of 
Al, EK. T herefore ao, ABCD: EF GH:: 
cube of Al: cube of EK *.—TFhe method of de- 
monſtration is the ſame, whether we conſider the 
figures as repreſenting priſms or cylinders, pyra- 
mids or cones : or, fince the proportion holds 
with regard to priſms, it muſt hold with regard to 
cylinders, they being equal to priſms of the fame 
baſes and altitudes® ; and alſo with regard to 
pyramids and cones, which are like aliquot parts 
of priſms or cylinders of the ſame baſes and alti- 
tudes*.—And, ſince ſpheres are like aliquot parts 
of cylinders of the ſame diameters and altitudes 
as the ſpheres 9, and thoſe cylinders (having their 
baſes to one another as the ſquares of their dia- 
meters or altitudes ©) are (as has juſt been ſnewn) 
in the triplicate ratio of their diameters or alti- 
tudes, or as the cubes of thoſe lines ; the ſpheres 
are alſo in that ratio f. 


Cor. 1. Tre cubes of four proportional lines 
(A, B, C, D) are themſelves proportional. For, 


by this Theorem, it appears, that the cube of A is 


to the cube of B in the triplicate ratio of A, B; 
and the cube of C to the cube of D in the tripli- 
cate ratio of C, D. But (becauſe A: B:: C 
D) theſe ratios are equal s. Therefore, cube of 
A: cube of B:: cube of C: cube of D®., 


CoR. 2. Priſms or pyramids, having ſimilar 
baſes, and having alſo the correſponding ſides of 
® Ax. 644. d 1. 7. Cor. 1. . 7. 1 6. 7. 13. 3. 

Car. 1. 2. 4. 1 5. 4. h Ax. 6. 4. : 
K 2 
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the baſes to one another as the altitudes, are 
themſelves to one another in the triplicate ratio 
of their altitudes or of the correſponding ſides of 
the baſes, or as the cubes of thoſe lines. Thus 
(146, 147) if CD, GH be ſimilar, CS, GT, cor- 
reſponding fides, and C8: GT: : AI : EK, then 
CD : GH:: C5Slq. : GTfq.* : : Alfq. : EK ſꝗ b. 
Therefore the ſolids themſelves (whether we con- 
fider them as priſms or pyramids) are to one an- 
other in the triplicate ratio of AI, EK, or as the 
cubes of Al, EK ©, and, conſequently, alſo in the 
triplicate ratio of Cs, GT 9, or as the cubes of 
CS, GT ©, | 


Cox. 3. Prifins or pyramids bounded wholly 
by planes reſpectively ſimilar, are to one another 
in the triplicate ratio of their altitudes, or of the 
correſponding fides of the ſimilar planes, or as 
the cubes of thoſe lines. Thus (146, 147) ſup- 
poſing AC, EG; CS, GT, correſponding ſides, 
CD: GH:: CSſq. : GTiq. *: : ACſq.: EGſq. d 
2: Alſq.: EKſq.f. Therefore the ſolids them- 
ſelves (whether we conſider them as priſms or 
pyramids) are to one another in the triplicate 
ratio of Al, EK, or as the cubes of Al, EK «©; 


and, conſequently, alſo in the triplicate ratio of 


AC, EG, or of * GT, or as the cubes of thoſe 
lines ©. | 


Con. 4. Cyladers or cones (149, eld having 
the diameters (AB, CD) of the baſes to one an- 
other as the altitudes (EF, GH) are themſelves 


2.9.5. d Cor. 8 5. 5. 7. d 5. 4. © Cor. 1. 7. 7. 
F 35. 6. and Cor. 8. 5. 
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to one another in the triplicate ratio of their al- 
titudes or of the diameters of the bales, or as the 


cubes. of thoſe lines: becaule, baile IK: LM : 
ABſq. : CDſq.* :: EFfq : Gliſq.d. 


Cor. 5. Cylinders or cones (149, 150) having 
the diameters (AB, CD) of the bates to one an- 
other as the axes (EN, GO) andthe angies (NEF, 
OGH) of the axes with perpendiculars (EF, GH) 


let fall from their extremitics upon the planes of 


the baſes equal, are to another in the triplicate 
ratio of their altitudes, axes, or diameters of the 
baſes, or as the cubes of thoſe lines: for the 
triangles NEF, OGH being equiangular e; we 
have baſe IK: baſe LM : : ABlq. : CDſq. .:: 
ENſq. : GOiq.® : : EFſq. : GHſq. 4. 


* 12.5. b Cor. 8. 5, Cor. F. 4. 1. d 4.5. and Cor. 8. f. 
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SECTION VIII. 


* yo" 2 = \ 
PROBLEMS RESPECTING LINES. 


PROBLEM I. 


n any point (A) 4 a center, to 


deſcribe the circumference of a circle, 
with a radius equal ceny given line 1 9 85 


1151). 


Tax the given line in a pair of compaſſes, 
that is, extend their points from one extremity, 
B, to the other C; then, fixing one point of the 
compaſſes in A, make the other point, with that 
extent, revolve quite round, deſcribing thereby 
the circumference DEF. DEF is the circumfe- 


rence required, by conſtruction. 


Cor. Hencs the manner of deſcribing a cir- 


cle, ſemi-circle, or arch, with any radius, is ob- 
vious. 
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PROBLEM II. 


TY? produce a- given line ( AB) from 8 
either extremity. . at pleaſure.— 5 ! 


| 
(52). 


| AyeLyY the edge of a ſtraight Ader to AB, ſo 

as that a part of the ruler extend beyond B; then, 

with the point of a pen or pencil, along the edge 

of the ruler, draw a line beyond B to any point 
nn is produced to C, by conſtruction. 


PROBLEM III. 


TN the greater of any two given lines 
(AB, CD) to take a part equal to the A 
leſs (AB).—{(15 3). S [ 


Tax AB in your compaſſes; then, fixing one 
point in either extremity, C, of the other line, 
deſcribe an arch, cutting CD in E. CE is equal 
to AB, by conliruction. 


$7 BY anch the method of e a line 


from any poiat, equal to any given line, is mas 
nifeſt. 


— 
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PROBLEM IV. 


T7 draw a line from one given point 
(A) to another (B).—(153). 


Aee1.y the edge of a ſtraight ruler to both 
points; then, with the point of a pen, along the 
edge of the ruler, draw a line, AB. A; is the 
line required, by conſtruction. 


Cor. HScE the method of drawing a line 
through one or two given points, is manifeſt *. 


N. B. It is not thought neceſſary to refer to the foregoing 


Problems in what tollows. 


PROBLEM V. 


PROM any point (A) in a given line 
(BC) to draw a perpendicular to that 
line, —{( 1 54). 


In BC (produced if neceſſary) take any two 
equal diſtances, AD, AE; and, from the points 
D, E, with any radius greater, than AD or AE, 
deſcribe the circumferences of two circles, which 
vill cut one another, becauſe, by conſtruction, 
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part of either circle falls within, and part without 
the other; and, to the point of interſection, F, 
draw AF. AF is perpendicular to BC. — For, 
becauſe DF=EF*, angle ADF AEF“; whence, 
AD being alſo = AE, angle DAF=EAF b.— Lis 
obvious, that only ſo much of the circumferences 
need be deſcribed as will give the ou of inter- 
os. 


Another Methed. 


Fon any point, D, out of BC (155) deſcribe 
the circumference or ſemi-circumference of a cir- 
cle, cutting BC in A, and in any other point, E; 
draw the diameter EDF, and to the point F, 
draw AF, BAF i is a right angle ©, 


Cor. Pro the foripes method, it appears, 
that circles deſcribed from two points, with a ra- 
dius greater than half the diſtance of thoſe points, 
will cut each other. 


This will readily appear without referring to Theor, 6 1. 
by conceiying the part of triangle FDE which is towards D 
turned over upon that part which is towards E, ſo as that FD 
coincide with its equal FE ; for then, the part of DE which is 
towards D, muſt fall upon the other part towards E 4, becauſe 
their extreme points coincide. 


2 Conſ. b ; & T; c Cor. 5. 3. 3. d Ax. 7. 1. 
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PROBLEM VI 
Fe any point (F) out of a given line 


(BC) to draw a | perpendicular to that 
nne nr: 156). 


| From F, deſcribe an arch of a circle, ſo as to 


cut BC (produced if neceſſary) in two points, D, 
E; from which points, with any radius greater 
than half their diſtance DE, deſcribe two other 
arches, cutting each other in &; and draw FG, 
cutting BC in A. FA is perpendicular to BC.— 
For, drawing FD, FE, GD, GE, the triangles 
DFE, DGE, are ifoſceles >; and, conſequently, 
angle FDE=FED and GDE= GED <f. There- 
fore angle FOG=FEG 4%. Whence, angle AFD 
=AFE*©; and, conſequently, angle FAD= 
FAE*®. 


Another Method. 


From any point, D, in BC (157) deſcribe an 
arch through F, interſecting BC in E; with the 
diſtance EF, from E deſcribe another arch, cut- 
ting the former in G; and draw FG, cutting BC 
in A. FA is the perpendicular required. — For, 
drawing DF, DG, EF, EG, the demonſtration is 
fimilar to the foregoing. 


.0 J. 1. | 


8. 
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PROBLEM VI. 
4 Hood biſeQ any gen * (ABC).— 


(158). 


FRomM the angular point, B, with any radius, 
deſcribe an arch, cutting BA, BC in two points, 
D, E; from which points, with any radius greater 
than half their diſtance DE, deſcribe two other 
arches, cutting each other in F; and draw BF. 
BF biſects ABC. — For, drawing DF and EF, tri- 
angles BDE, FDE are iſoſceles“; and, conſe- 
quently, angle BDE=BED and FDE=FED®, 


Hence, angle BDF=BEF*<; and, * 
angle DBF=EBF ©. 


' 'PROB L E M VII. 


T O biſe& any given line (AB).— 
(159). 


Fon the extreme points, A, B, with any ra- 
dius greater than half the given line, deſcribe two 
arches interſecting each other in C, D; and draw 
CD, cutting AB in E. AE is equal to BE. — 
For, drawing AC, AD, BC, BD, triangles ACB, 


® Conf, d Note to Prob. 5. e Ax. 3. 4. 4 1. 1. 
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ADB, are iſoſceles ; conſequently, angle CAB 


CBA, and DAB DBA d. Hence, angle CAD 


CBD a, and, therefore, angle ACE=RCE a; 
whence Ak- BE. end 


Ca FROM the tat lep it appears, that CD 


3 not Na biſects AB, but | is Ea. to it. 
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"PROBLEM I. 


p IO 


"ROM any wok (A) in a given line 
(A) to draw another line making 
therewith an angle eq to 47 given an- 


gle 90165, 161). 


In AB, ED, take two hs 8 AG, 
EH; at the points G, H, draw GI, HK, perpen- 


dicular to AB, ED, the latter cutting EF in M; 


take GL HM; and , through Ly draw AC. The 


Lt 


' 
1 
7 


— 


. FO the chat, E and A (162, 163) with any 
radius, deſcribe. two arches, cutting the given lines 
in G, H, I; from the point I, with a radius 
a to the diſtance of the paints G, I, deſcribe 


another arch cutting the former in K; and 
con b Note to Prob. „ 4 gots 4.2. 
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through K draw AC. The angle A=E. td 
drawing the ſtraight lines GH, IK, the three fides 
of triangle AIK are reſpeCtively equal to the three 
ſides of triangle n *, Therefore, angle A 
Eb. 


PROBLEM X. 


H ROUGH any given point (A) to 


draw a line parallel to a 0 line 
(DE) .—( 164). 


FROM A, to any point, F, in DE, draw AF; 
through A draw BC, making angle BAF EFA. 
BC is parallel to DE © *, 


Abe 1 


TAKE any point, F, in DE; make FG equal to 
the diſtance of the points AF; from A, G, with 


the ſame diſtance, deſcribe two arches cutting each 


other in a point H (they will cut each other, 
becauſe the ſum of their radii, AF, FG, is greater, 


and their difference leſs than the diſtance of their 
centers AG ©) ; and, through A, H, draw BC. 


BC is parallel to DE, becauſe, inthe quadrangle 


AFGH the ſides are all equal f. 


- * Thus, in Problems 2. 3. 4. F. 6. 5. 9. and 10. the operations 
mentioned in the Poſtulates, SeR. 1. are effected without refer- 
ring to thoſe Theorems in which they were required 8, 


& Com. © 12.12. . 8. 4 3. 1. 
f 3. 2. and Conſ. 5 See note page 4th, 
L 


© Cor. 4. 7. 3. and 9. 1. 
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PROBLEM XI. 


=O divide any line (AB) into parts, 

which ſhall have the ſame ratio to 
the whole (AB), as the correſponding parts 
of another line (QR) any how divided, 
have to the whole (QR).—(165). 


FroM the points A, B, on different ſides of 


the given line, draw two lines, AC, BD, parallel 


to each other; in AC, take AE, EF, FG, GH, 
equal reſpectively to QS, ST, TY, VR; in BD, 
take BI, IK, KL, LM, equal reſpectively to RV, 
VT, TS, SQ ; and draw EL, FK, Gl, interſect- 
ing ABin N, O, P. AB is divided as was re- 
quired. For, becauſe EF is parallel and equal to 
LE, EN is parallel to FO b; and, in the ſame 
manner is FO parallel to GP, and GP to HB. 
Hence AN: AB:: AE or QS: AH or QR, 
Sn< | 


Con. 1. Ir the parts AE, EF, &c. BI, IK, &c. 
were all equal, it appears that the parts AN, NO, 
Kc. would alſo be all equal; whence, a method 
of dividing any line into any number of equal 
parts is manifeſt. = 


Cor. 2. Hence alſo (and from Theor. 1. 5.) 
a method of dividing any triangle or parallelo- 
gram into any number of parts, each of which 


a 10. 8. b 3. % © Cor. 3. 5, 


Lak Ld LE © 


4 G EO M ET RT. 123 
ſhall have a given ratio to the whole, is manifeſt ; 
namely, by dividing the baſe as above, and from 
the ſeveral diviſions drawing lines to the vertex 
of the triangle, or to the oppoſite fide of the pa- 


rallelogram ; thoſe lines, in the latter caſe, being 
drawn parallel to the other ſides. 


PROBLEM XII. 


O find a third-proportional 'to two 
X given lines (A, B).—(166). We 


From any point, C, draw two lines, CP, CQ, a 
making any angle; take CD=A, CEB, and 
CF likewiſe=B; join DE; and draw FG paral- 
lel to DE *. CG is the proportional required. — 
For CD or A: CEorB::CForB: CG. 


PROBLEM XIII. 


=. find a fourth-proportional to three 
given lines (A, B, C).—(167). 


From any point, D, draw two lines, DP, DQ, 
making any angle; take DEA, DFB, and 
DG=C ; join EF; and draw GH parallel to 
EF*. DH is the proportional required. For, 
DE or A: DF or B:: DG or C: DH». 


a 10, 8. b 3+» 5» ; 
L 2 
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PROBLEM XIV. 


T* find a mean - proportional between 
two given lines (A, B).—(168). 


DRaw-aline, PQ 3 from any point in which, 
take CD=A, and CE=B; biſect DE in F; 
from which point, with the radius FD or FE, 
deſcribe the ſemi-circle DGE; and draw CH 
perpendicular to DE, and meeting the arch in H. 
CH is the proportional FRY: 4 


PROBLEM XV. 


ff fila divide a given line (AB) in extreme 

and mean proportion : that is, to di- 
vide it mto two parts, fuch that the whole 
line ſhall be to the greater part, as the 
greater part to the leſs ; or, ſuch that the 
ſquare of the greater part ſhall be equal to 
a rectangle under the whole line and the 
leſs part. —(169). 


ah | 

Draw BC perpendicular to AB and equal to 
AB; join AC, in which take CD=CB or ZAB, 
Cor. 7. 5. 


— 


5 580282 
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and in AB take AE AD. I ſay AB: AE : BE, 


or AEſꝗq. rect. AB, BE. For, by ſubſtituting 


of equals, we have, AEſq.=ADſq. * = ACiq.— 
CDſq.—2 rect. AD, CD®,=ABiſq.+BCſq. *— 
BCſq.*—2 rect. AE, ZAB d, = ABſq.—rett. AB, 
AE, =re&. AB, BE+re&..AB, AE *©,—re&. AB, 
AE, =re&. AB, BE. Whence alſo, AB: AE: 
BE f. 


a Cor. 5 I. 2. d Cor. 4. 6. 2. c 2. d Cor. 4. I. 2. 
- Cor. 2. . 2. f Cor, 3. 2. ko 
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PROBLEMS RESPECTING SURFACES, 


* hs - 
„ ROB. AM I. 
S 3 4 _ 3 &S 4 p *” 
4 v3 ; 
5 * 4 4 7 & 6 * 1 * 


e a ee lines (A, B, C) being given, 


of which the ſum of any two is 
greater than the third, 'tis required to con- 
ſtruct a triangle having its ſides reſpective- 
ly equal to the given lines. (170). 


MAKE DE=A ; from the points D, E, with 


radii equal to B, C, deſcribe two arches interſect- 
ing one another in a point F (they will interſect 
each other, for A 7B+C and (becauſe A E B) 


AE B— C); and draw DF, EF. DEF is the tri- 


angle required, by conſtruction. 


CoR. 1. Hexce the difference of any two ſides 
of a triangle is leſs than the third. 


CoR. 2. In the ſame manner may a triangle be 


made equal in every reſpect to any given triangle. 


FA > 


js 
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PROBLEM IE 


| | aha a given line (AB) to. conſtru& 
an equilateral or equiangular trian- 


gle—(171); 


From the points A and B, with the radius 
AB, deſcribe two arches interſecting one another 
at C; and draw AC, BC. The triangle ABC is 
both e and equiangular *. 8 | 


PROBLEM III. 
| ae a given line (AB) to conſtruct 
an Hoſceles triangle, having each of 
its equal ſides equal to a given line (D) 
greater than half the baſe (AB).—(172). 


From. the points A and B, with the radius D, 
deſcribe two arches cutting each at C; and draw 
AG, 30. ABC i is the triangle required b. p 


10 Conf, and Cor. x. 6. 1. d Conſ. 


BY © F : : I 
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=D conſtruct a right-angled triangle, 

having the hypothenuſe (A) and an- 
other ſide (B) given; or, having the ſides 
(C, D) to contain the right angle given. 


— 0173, 174). 


Pur I. Mart EF=A (173); biſect EF in 
Gaz; with the radius GE or GF deſcribe a ſemi- 
circle EHF; with the radius B (which muſt be 
leſs than A or EF®) deſcribe an arch cutting the 
arch of the ſemi-circle in I; and] join EI, FI. EFI 
is the triangle required ©. 


- PaxT II. Mak R LM=C 50 ; on either | 
extremity raiſe a perpendicular, MN, equal to Da; 
and join LN. LMN is the triangle required © 


l 

PROBLEM V. : 
TO conſtru& a parallelogram, having . 
one of its angles (ABC) and the c 
ſides (AB, CB) containing | that angle ' 
given.—(17 5). l 


nen * Cont md Cor. 5.3.5. 4. l. * Cont 
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"From A with the radius CB, and from C with 
the radius AB, deſcribe two arches cutting each 
other in a point D, (they will cut each other, be- 
cauſe the ſum of their radii (CB+AB) is greater, 
and their difference. (CB—AB) leſs than AC») ; 
and draw AD, CD.—ABCD is the. * re- 
pn b. | 


Con: te the manner of 89 a 
ſquare upon any given line, or a rectangle under 
any two given lines, is manifeſt : for, if we ſup- 
poſe B a right angle, ABCD would be a rectan- 
gle; and if we ſuppoſe AB=CB, the ſame figure 
would be a ſquare. | 


PROBLEM VI. 


3 a given line (AB) to make a 
rectangle equal to any given ſtraight- 
lined figure (CDEF).— (176, 177). 


Div the given figure into triangles, CFD, 
DFE ; to any fide in each triangle, from the op- 
poſite angle, draw a perpendicular; at either ex- 
tremeof AB, raife a perpendicular, AL#; in which, 
take Al, equal to a fourth-proportional to 2 AB, 
CD, FG; and IL, equal to a fourth- proportional 
to 2 AB, FD, EH ©; and complete the rectangle 
LABMf. -LABM=CDEF.—Draw IK perpen- 


enn b 3. 2. 6. 8. d 5. 8. 13. 8. 
1. 9. 
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dicular to AL. Then (fince 2 AB: CD: : FG 
+ AI) 2 rect. AB, Al, rect. CD, FG=; and, 


conſequently, rect. AB, Al (or AK) r rect. 
CD, FG D triangle CFD. In the ſame manner, 


rect. IM=triangle DFE. apy rang LABM 


=CDEF b. 


Cox. Ir aparallelogram be required to be made 
upon AB equal to CDEF, and having an angle 


equal to a given angle, P, make angle BAN=P, 


and draw BO parallel to AN meeting LM in O, 
fo will NB be the parallelogram required d. 


PROBLEM VI. 


7% O make a ſquare equal to any given 
ſtraight = lined figure (CDEF),— 


(176, 177). 
Uron any line, AB, make a rectangle, AM, 


equal to CDEF ©; or, having found AL as in 


the laſt, find a mean-proportional, Q, between 
AB and ALf. Then Qſq. = CDEF.—For (ſince 
AB: Q: AL) Qſq.=redt. AB, AL*=CDEF ®. 


© Cor. 2.2.5. b Ax. 3. 1. © Cor. 3. 3. 2. d Cor. 2. 2. 2. 
e 6. 9. f 14. 8. 8 Cor. 3. 2. 5. h Conſ. | 


E 
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P ROB L E M VIII. 


T O make a rectangle or ſquare equal 
to the ſum. or difference of any two 
given ſtraight-lined figures (A, oe — 


(178, 179, 180). 


ox any line, CD, deſeribe two rectangles, CE, 
CF, reſpectively equal to A, B; one of them, CE, 
on both fides of CD, Rectangle HE is the fun 
and IE the difference required ; from which a 
ſquare equal to the ſum or difference may be 
conſtructed by the laſt. 


Cok. 1. Hencs (as was obſerved in Cor. to 
Prob. 6.) a parallelogram may be made upon any 
given line equal to the ſum or difference of any 
two given ſtraight-lined figures, and having an 
angle equal to any given angle. | * 


Co. 2. Hence alſo, two lines may be d 
having the ſame ratio to one another as any two 
N N figures : for A: B:: CE: err 

CG: CL. e 


A 391. b Ax. 7. Bi 8 I, 5. 
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PROBLEM IX. 
reer a ſquare equal to the ſum or 


(181); 


difference of wy two CO . 


Let A, B, be the bas of emo Fquares, and 


make a right angle, P. 
Par I. Tax PQ=A, PR=B, and join . 
QRſq. — Frans nene ** 1 


Part II. Make PQ= A, the leſs line; ; with 
the radius B, deſcribe an arch cutting PR in 8, 


wh Pig. =QSſq— PQlg.=Blq— 


con. Hxxcx, a ſquare may be made equal to 
the ſum of three or more ſquares. For, if QR, 


and C, the ſide of another ſquare, be ſet off from 


P, we ſhall, as above, have an hypothenuſe, the 


 Fquare of which will be equal to Di "OP! or 
to Aſq.+Bſq.+Clq. *. 


25. 2. b Cor. 1. 7. 2. 


1 


PROBLEM X. 


i thay deſcribe a figure equal and ſimilar 


to any given ſtraight-lined ans 
(ABCDE).— (182, 183). 


Dri vip the given figure into triangles. Make 
FG = AB; on which, make triangle FIG, having 
FI = AD and GI BD; on Fl, make triangle 
FKI, having FK = AE and IK DE; and, on 
GI, make triangle GHI, having GH=BC and IH 
SDC. FGHLE is equal and ſimilar to ABC DE“. 


PROBLEM KI. 
Urox a given line (PQ) to conſtruct a 


figure ſimilar to any given ſtraight- 
lined dere (ABCDE).—(182, 184). 


Divips the given figure into triangles. Make 
angles PQS, QPS, reſpectively equal to ABD, 
BAD; angles PST, SPT, reſpectively equal to 
ADE, DAE; and angles QSR, SQR, reſpectively 
equal to BDC, DBC ©; the legs of the angles be- 
ing produced to meet in the points 8, T, R, will 
form a figure PQRSP, ſimilar to ABC DE. — For, 
angle POR = ABC 9, R= Ce, &c. alſo AB: P 
* : DB : SQ): : BC: QR: : DC: SR &c. e. 
39 d. . „ „ 


c Cor. 5. 4. 1. 
f 4.5. gf 6 | 
M 
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: 


* NV Arraight-lined figure (ABCDE) 


4 ing given, tis required to con- 
RM — ftruſt a figure ſimilar to it, and to which 


ſhall have the ſame ratio 
as any given line (L) to any other given 
ne es, 184). 


. — 


—— 6 e L, M, AB, ända Sürth prportionsl, Na; 
and between AB and N, find a mean- propor- 


tional, Ob; make, PQ=O, and conſtruct there- 
on PORST ſimilar to ABCDE © PORST is the 


TN e required. For (fince AB: B PQ or O: Na) 


- ABCDE : FQRST-: AB:N*:: L: Mo. 


- 


11 


., 
; * . ä —_ 


\ 
4 


5 "PROBLEM III., 


2» „ — K a 


O wake a figure equat to one ſtraight- 
lined. figure (A) and ſimilar to an- 
6 he ftraight-lined figure (B). — (8855, 
28825 186, 187, 1880.— ; 


| us * * . 45.9. 4 of © Core 4. 9. 5. 
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Draw EF CD; on which, make rectangle 
EHB; and; on FH, make rectangle FI=A *; 
between EF, FK, find a mean-proportional, LM; 
on which, make the figure N, ſimilar to Be. I 
ſay N is alſo equal to A.—For (fince EF or CD: 
LM: FK 4) B: N:: EF: FK*;;: EH: Fl :: 
B: As. Therefore N= Ab. | wh 


PRO B1EMCSIN 
TO ſtraight-lined figures (A, B) be. 


ing given; 'tis required to conſtruct 
a third, to which the firſt fixure- (A) ſhall 
have the ſame ratio as any line (P) to any 
other line (Q), and which third figure ſhalt _ 
alſo be ſimilar to the cond (B)—(185, | 
186, 187, 189). | 


Draw EF=CD; on | which, "make rene 
EH=B; and, on FH, make rectangle FI=A *; 
to P, Q, FK, find a fourth-proportional, 815 
make FT = 8, and complete rectangle FV*: then, 
between EF, FT, find a mean Proportional. WX; 
on which, make the figure Y ſimilar to B. I fay 
alſo, that A: V:: P: Q.—PFor, by Theor. IN 
it appears that Y—FV. „ 5 
FI: FVe:: FK: FT or 8“: : P: Q. 


6.9. 5 1 . © 11.9. Conſ. © Cor 4- 9. * f r. 5. 
5 Ax. 7. 4. h Cor. 1. 3. 4. i 13. 8. * 5. 9. 1 Conf 
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8 en OB LEM XV. 
0 find the center: of x circle N * 
(190). 


Draw any chord CD, and biſect it by a per- 
pendicular FF *, meeting the circumference both 
ways; biſect alſo EF in G. G is the center b. 


"PROBLEM vl. 
F* 


I. IF the point A be in the circumference ; 


OM a given point (A) to draw a tan - 
gent to a circle (DEF). 191). 


draw the radius OA, perpendicular 80 to which 


draw AB. AB is a tangent ©. 


II. If the point A be without the eireumfe- 
rence; draw OA, which biſect in C; from C, 
with the radius CA or CO, deſcribe a ſemi- circle 
cutting the circumference in D; and join AD. 
AD is a tangent © ; becauſe, drawing the radius 


Ob, ODA is a right angle . 


*8.8 D4.3 6. 3. d Cor. $. 3. 3. 
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PROBLEM XVI. 


Tron a giyen line (AB) to deſcribe 
| the ſegment of a circle which ſeg- 
ment {hall contain an angle equal to a given 


angle (P),—(192), 


Makx angle ABC=P*; draw BE te, 
cular to CB®; make angle BAF=ABE *; and, 
from the point of meeting, F, with the radius AF 
or BF, deſcribe the ſegment AGB. AGB is the 
{ſegment required. For angle AGB ABC <=P9. 


PROBLEM XVIIL 


10 deſcribe a circle about a given tri= | 
angle (ABC) *.—{(193). 


Bistcr any two ſides, AB, BC, by two perpen- 
diculars ©. Theſe two perpendiculars, DE, FE, 
muſt meet in a point, E; becauſe, drawing DF, 
angle EDF+EFD is lefs than two right angles f. 
The point E is alſo equidiſtant from the points 
A circle is ſaid to be deſcribed about a ſtraight-lined figure, 


or a ſtraight-lined figure in/cribed within a circle, when the cir-- 
eumference paſſes through all the angular points of the figure, 


2 9. 8. d 5. 8. © 6 and 8. 3. d Conf, ©8.8, 
f Ax, I, 1. and Cor. 2. 3. I. 


M 3 
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A, B, C, as is manifeſt by drawing AE, BE, CE“. 
Therefore a circle deſcribed from E, with the ra- 


dius AE, will paſs through the angular points A, 
B, Cd; which was required. 


Cok. 1. Hence it appears, that through any 
three points, A, B, C, not ſituated in the ſame 
ſtraight line, the circumference of a circle may 
be deſcribed; and the method of performing i it 
is manifeſt. 


* Cor. 2. Hence, if an arch of a circle or any 
three points in the circumference be given, the 
center may, be found and the circle completed. 


Y 


PROBLEM XXX. 


* inſcribe a circle in a given triangle | 
(ABC) *.—(194). 


f BrstcT any two of the angles, A, C, by the 
lines AD, CD, meeting one another in De; draw 
DE perpendicular to AC 4. A circle, deſcribed 
with the radius DE, will touch all the ſides of the 
triangle. — For, drawing DF, DG, perpendicular 
to AB, BC, it appears that DF, DG, are each 


A Greis is ſaid to be inſcribed within a ſtraight · lined figure 


or a ſtraight-lined figure deſcribed about a circle when the circle 
is touched by all the fides of the figure. 


2 Conf. and 1. . b Def. 2. 3. 5. 8. d 6. 3. 
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equal to DE *; therefore the circumference paſſes 
through the points E, F, Go; and it touches the 


fides in thoſe points, becauſe the radii are per pen- 


end to the ſides at thoſe points ©. 


K 


PROBLEM Xx. 


P a given circle (ABC) to inſcribe a tri- 
. angle, having its angles reſpectively 
equal. to the angles of a given triangle 


(DEF).—( 195, 1 96). 


DRA the radii OG, OC, OH, making angles 
COG, COH, each equal to D4; draw GH; 
make angle GHI= Fa; and draw Gl. GH is 
the triangle required. —For, angle GHI=F*, 
angle GIH=GOCf=D*, and angle IGH=E*. 


PROBLEM XXL 
A POE a given circle (ABC) to de- 


ſcribe a triangle, having its angles re- 
ſpeQively equal to the angles of a given 


triangle (DEF) — (197, 198). 


Propvce EF both ways; draw the radii OA, 
OC, OB, making angle AOC=DEP and BOC= 


* Cor. 5.1, d Def. 1. 3. 6. 3. 4 9. 8. Conſ. 
Cor. I. 3. 3. 8 Cor. 5. 4. 1. | 
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DFQ *; and draw GI, GH, IH, touching the 
_ circle in the points A, C, Bo: then, joining AC, 
it appears that GI, GH are not parallel, becauſe 
angle GAC+GCA is leſs than two right angles ©; 
and, for a fimilar reaſon GH, IH, as alſo GT, 
IH, are not parallel; conſequently, theſe lines 
will meet and form a triangle GHI, which is the 
triangle required. For all its ſides touch the cir- 
cle 4; and, becauſe the angles at A, C, B, are 
right angles, angle G+AOC=2 right angles? 


DEF TDE Pe; whence (ſubtracting the equals 
AOC, DEP*) angle G=OEF®: in the ſame 


manner, H=DFE ; whence alſo, I= Dl. 


PROBLEM XXII. 


I a given circle (ABCD) to inſcribe a 
ſquare.—{ 199). 


Daaw two diameters, EF, GH, perpendicu- 


lar to each other i; and draw EG, GF, FH, HE. 
EGFH is the ſquare required. For the ſides are 
all equal *. and the angles right angles !. 


Cor. Ir diameters be drawn biſecting the an- 
ples at the center, and their extreme points be 
joined, a regular octagon will be inſcribed in the 
circle; and, by biſecting the angles at the center 
4 9. 8. d 16. 9. © Ax. 1. and Cor. 2. 3. 1. d Conf. 


„ Pee 
13. 8. KI, 1 Cor. 5. 3. 3. 
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again, a regular polygon of double that number 
of fides will be inſcribed, &c.— Thus may a circle 
and its circumference be divided into 2, 4, 8, 16, 
32, &c. equal parts *. | 


14 E R O BL EM XXIII. 
1 a given circle (ABCD) to inſcribe a 
regular pentagon or decag lace). 


D&aw a diameter, AC; from the center, E, 
draw a radius, EB, perpendicular to AC; biſect 
AE in F, and make FG=FB. Then BG=the 
fide of the pentagon, and EG=the fide of the 
decagon ; from which the figures themſelves may 
be deſcribed. —Suppoſe AH a fide of the requir- 
ed pentagon, and HI a fide of the decagon ; by 
drawing Al, El, EH, and AK perpendicular to 
EH, it will appear that BG= AH and EG=HT. 
For, in triangle LEI (becauſe angle HEI 
2 CEF*=CAFÞ—=AIE®) LI=LE*®©; whence, in 
triangle ALE, angle ALE (=AIE+HEI9)=> 
2 HEIz2AEH*, and, conſequenily alfo, AL 
AE ©; whence again, in triangle HIL (becauſe 

* Straight-lined figures of more than four ſides, are called by 
the general name of Polygons, and are ſaid to be regular or irre. 
gular, according as their ſides and angles art all cquel or not. 
They have alſo particular names according to the number of 


their ſides. A Pentagon has 5 ſides; a Hexagon, 6; a Hepta- 
gon, 7; an Octagon, 8; a Nonagon, 9; a Decagon, IO; &c. 


2 10. 5. b 3. 3. 6. 1. d Cor. 1. 4. 1. 


* 
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angle HLI= ALE *, and ATH=CAT b, and, con- 
ſequently, HL AEH*= ALE= HLI) HI=LI« 
==LE. But, triangles ALE, HIL, being proved 
mutually equiangular, we have AE: HI: : LE 
: HL*, and, conſequently, rect. AE, HL 
rect. HI, LEf, or (becauſe EH=AE and LE 
HI) rect. EH, HL,=LEſq.*. But (becauſe 
FEI EB EC and n it appears, that 
rect. EC, CGS EG.“, whence (EH being 
EC) tis manifeſt EG=LE—HI.— And, ſince AL 
has been proved equal to AE, KEE=KLi i; con- 
ſequently EH—KE=KH—KL*=HL. een 
AH ſꝗ.— AEſq. rect. HE, HL Lie Con- 
ſequently, AHſq.=LEſq.+AEſq. * =EGſq.+ 
BEſq. *: =BGfq. ". Therefore BG AH. 


Cox. H xNcE a circle and its circumference 
may be divided into 5, to, 20, &c. equal parts. 


PROBLEM XXIV. 


I a given circle (ACF) to inſcribe a re- 
gular hexagon. —(201).1 


Tux fide of the figure required, is equal to the 
radius of the tircle ; whence the figure itſelf may 


2 Cor. 5. 2. 1. d Cor. 2. 3. 3. Cor. 5. 4. I. 4 6. I. 
© 4. 5. f Cor. 2. 2. 5. 5 Cor. 4. I. 2. h 15. 8. i Cor. 12. 1. 
. 1. - 1 Oer. a. 7. % Cor. 5. 1. 2. . 3. 
© Cor. 5. 6. 2. TA 
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be deſcribed.— For, let AB be a fide of the re- 
quired hexagon. Draw the radii AG, BG. Then 
(ſince angle AGB of 4 right angles = of 
2 right angles) angle GABHνH GBA A of two 
right angles d. But angle GAB=GBA ©. There- 

fore angle GABA of two right angles=angle 
AGB.. meer AB=BG”. * 


con. Is BC be taken equa AB, ' AC will be 
the fide of an equilateral triangle inſcribed in 
the circle. Hence, a circle and its circumference 
may be divided into 3, 6, 12, &c. equal parts. 


PROBLEM XXV. 


* inſcribe a circle within, or to de- 


ſcribe a circle about, any regular po- 
Iygon (ABCDEF).—(202). 


- BrsECT any two adjoining ſides, AF, FE, with 
two perpendiculars, GO, HO d. Theſe, not being 
parallel ©, muſt meet in a point, O. That point 
is the center of the circle required; the radius 
of the inſcribed circle is OG, and that of the cir- 
cumſcribed circle is OF.—For, to the middle of 
the ſides, draw OI, OK d, &c. and join GH, HI 
&c. Then, in triangles FGH, EHI, &c. angle 


2 10. F. b 4. 1. © 6.1, 4 8. 8. See Dem. of 21. 9. 


ae. From en OH F, take FGH, FHG; 
there remains, angle OGH =OHG®*: onde ent- 
ly OH OG. From angles OHF, OHE, take 
FHG, EHI; there remains, angle OHG OH1*; 
whence OI OG 4; alſo, angle OIH=OGH 4, 
which, added to angles EH, FGH, gives angle 
- OIE=OGF D Sa right angle. In this manner it 
appears that OG, OH, OI, OK, &c. are equal to 
one another and perpendicular to the ſides of 
the given figure. Therefore a circle deſcribed 
from O with the radius OG will touch the fides 
of the given figure in the points G, H, I, &c. e. 
And, by drawing OF, OE, OD, &c. it appears 
that OF=OE=OD &c% Therefore, alſo, if a 
circle be deſcribed from O with the radius OF, 


the circumference will OS through the points F, 
E, D, &c. 


xy 1. Sinen OF, OE, biſe& the angles F, 2. 
it is manĩfeſt, that if any two adjoining angles, F, 
E, of any regular polygon be biſected, the biſect- 


ing lines, FO, EO, will meet at the center of an 
inſcribed or circumſcribed circle. 


Co. 2. Hence, within any ls polygon, a 
point may be found equally diſtant from the ſides, 


and alſo from the angular points, namely, by bi- 


ſetting any two adjoining fides with perpendicu- 
lars, or by biſeQing any two adjoining angles, 
This point is called the center of the polygon, 


a Conſ. and 1. 1. b Ax. 3. 1. . d 1. 1. 
4 © Def. x. 3. and 6. 3. | 
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Co. 3. Hence alſo it appears, chat If from the 
chader, O, of aby given regular polygon, ABE 
DEF, the equal diſtances or perpendiculars OG, 
OH, Ol, &c. be taken, the junction of the points 
G, H, I, &. will form a regular polygon, GH I i 
KLM, of the ſame number of ſides as the given 
one. And it is alſo manifeſt, that, if from the 
center, O, of any given regular polygon, GHI 
KLM, lines de drawn to the angular points G, 
H, I, &c. and, perpendicular to theſe lines, other 
lines, AF, FE, ED, &c. be drawn, meeting one 
another in F, E, &c: a regular polygon, ABCDEF, 
will thus be formed, having the fame number as: 
fides as the given one.—Thus may a regular po- 
1ygon be inſcribed in, or deſcribed about any given 
regular polygon, which ſhall have the ſame num- 
der of tides with the given one. 


$ * 1 0 5 1 E 1 XXVI. 

To deſcribe a polygon in or about one 
circle (ABD) which ſhall be fimilar 

to any woe (EFGH) defcribed in or 


about any other: circle . — 1203, 
204, 205, 206). 


PART I. Draw the radii QF, QF, &c. (204); 
at the center P (203) make angle APB = EOF, 
PCS FOG, &c. and join AB, BC, &c. ABCD 
is fimilar to EFGH. For triangles APB, EQF ; 


* * 1 
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BPC, FQG; &c. are mutually eqviangulap* : : 
whence, nyſe ABC=EFG, BCD FOH, &c. b 
alſo AB : * EF ( BPB: FO) z: BC: FG 
bree: G0) : CD : GH & c.. 

Par I. Draw the perpendiculars QL, QM. 
cc. 4 (206); at the center P (205) make angle 
RPS=LOQM; SPT MN, &c.*®, and draw AB, 
BC, &c. perpendicular to PR, PS, &c. f, and meet- 
ing one another in B, C, &. ABCD is ſimilar 
to EFGH.— For, the quadrangles VR, OL, hav- 
ing three angles equal to threes, have angle VAR 
—OEL®: and, in a ſimilar manner, angle RBS 
LEM, &c. Again (drawing PA, PB, &c. QE, 

QF, &c. ) in triangles PAV, PAR (becauſe PV= 
PR and PA common) angle PAR S PAV i= 
VAR; and, in like manner, angle QEL= 
 ZOEL: whence, angle PAB=QEF®Þ. For fimilar 
reaſons, angle PBA=QFE, angle PBC=QFG, 
&c. Therefore the triangles PAB, QEF ; PBC, 
QFG; &c. are mutually equiangular *. Conſe- 
queatly AB: EF (:: BP: FQ): : BC: FG &c. e. 


Cox. Hence, fimilar polygons deſcribed in 
or about circles, are to one another as the ſquares 
of the radii, diameters, or circumferences of thoſe 
circles. For (in Part 1.) ABCD: EFGH:: ABlſq. 

YEFſq.' : : APſq. : EQſq. . And (in Part 2.) 
ABCD: EFGH : : ABlq. : EFſq. !:: APfq. : 
Eſq. u:: RPſq. : LQſg. . 
2 Cor. 5. 4. I. and 6. 1. bALSLS Tac. 46. 


e 9. 8. f F. 8. 8 Conf, h Cor, 6. 4. I. and Ax. 3. 1. 
3 Cor. 13. . K Cor. 5. 4. 1. 1 9. 35. m 8. 5. and Cor. 8. 5. 
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